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Contributed Discussion
Arnab Hazra∗ and Raphaël Huser∗
It was our pleasure to read this paper and to get the opportunity to discuss it. Studying
the convergence and mixing of the Markov chain Monte Carlo (MCMC) chains is often
neglected. Here, the authors raise this point and obtain some theoretical results about
the convergence of the Gibbs sampler for multilevel conditionally hierarchical Gaussian
models using multigrid decomposition. The authors also go beyond the Gaussian case
and describe an example of a Poisson crossed-effects model. Importantly, the authors
also discuss two different types of parametrizations for the same models, the so-called
non-centered and centered parametrizations (NCP and CP, respectively).
Here, we focus on studying the convergence properties of the Gibbs sampler under
different parametrizations used in some recent papers on spatial geostatistics and spatial
extreme-value analysis using hierarchical Gaussian processes (GP), where independent
(temporal) replications are available. Instead of focusing on analytic expressions, we
focus on simulations. In a purely spatial setting, Bass and Sahu (2017) studied the
convergence rates under different choices of the spatial correlation structures for a GP.
First, we consider a simple spatial Gaussian process model (Banerjee et al., 2003,
Chapter 5) defined as
Yt (s) = µ + εt (s) + ηt (s), s ∈ D ⊂ R2 , t = 1, . . . , T,

(1)

where µ denotes the global mean, εt (·) are independent and identically distributed (IID)
zero-mean GPs with spatial covariance Cov{εt (s1 ), εt (s2 )} = r exp{−d(s1 , s2 )/ϕ}, r, ϕ >
IID
0, with d(s1 , s2 ) denoting the Euclidean distance between s1 and s2 , and ηt (s) ∼
Normal(0, 1 − r). We simulate T = 100 replications at N = 121 uniform spatial grid
locations {(i, j) : i, j = 0, 0.1, . . . , 1}. True parameter choices are µ = 5, ϕ = 0.2 and
r = 0.9. Here, conjugate priors for ϕ and r are not known and hence, to stick to Gibbs
sampling, we prefer to treat them as known and choose a weakly informative prior µ ∼
Normal(0, 1002 ). Let Xt = [Xt (s1 ), . . . , Xt (sN )]′ be the generic notation for the spatial vectors and Σϕ be the correlation matrix obtained from Cov{εt (si ), εt (sj )}, i, j =
Indep

1, . . . , N . We fit (1) under NCP and CP. In NCP, we treat the levels as Yt ∼
IID
Normal(µ1 + εt , (1 − r)IN ), εt ∼ Normal(0, rΣϕ ), and µ ∼ Normal(0, 1002 ). In CP,
Indep

IID

the levels are modified as Yt ∼ Normal(ε̃t , (1 − r)IN ), ε̃t ∼ Normal(µ1, rΣϕ ),
and µ ∼ Normal(0, 1002 ). We study the trace plots and the autocorrelation funcPN PT
tion (ACF) plots of µ and ε̄ = (N T )−1 i=1 t=1 εt (si ) under NCP, and of µ and
PN PT
ε̃¯ = (N T )−1 i=1 t=1 ε̃t (si ) under CP, and observe good mixing for CP while the
mixing is poor for NCP. This corroborates with the results for the two-layer models
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mentioned in the paper. The corresponding effective sample sizes (ESS) are presented
in Table 1. Theoretical results follow from Bass and Sahu (2017).
GPs have been criticized for modeling spatial extremes, due to their light tails and
inability to capture strong tail dependence. To extend this class, while retaining the computational attractiveness of GPs, several authors have proposed some location and/or
scale mixture models (e.g., Huser et al., 2017; Morris et al., 2017; Krupskii et al., 2018;
Hazra et al., 2020) and Huser and Wadsworth (2020) reviewed some of them. Here, we
focus on some of them which allow Gibbs sampling for the higher level random effects.
We next consider a simplified location-mixture model (Krupskii et al., 2018)
Yt (s) = Et + εt (s) + ηt (s), s ∈ D ⊂ R2 , t = 1, . . . , T,
IID

where Et ∼ Exponential(λ)
as in (1); here, λ > 0 is the
λ ∼ Gamma(0.01, 0.01). The
the unknown parameters and
as before and we choose the

(2)

and the specifications for εt (·) and ηt (·) are the same
rate parameter. We choose a weakly informative prior
model has three layers and allows Gibbs sampling for
the latent variables. The simulation design is the same
true value λ = 1. We fit (2) under NCP and CP. In
Indep

IID

NCP, we treat the levels as Yt ∼ Normal(Et 1 + εt , (1 − r)IN ), εt ∼ Normal(0, rΣϕ ),
IID

Et ∼ Exponential(λ), and λ ∼ Gamma(0.01, 0.01). In CP, we replace the first two levels
Indep

IID

of NCP by Yt ∼ Normal(ε̃t , (1 − r)IN ) and ε̃t ∼ Normal(Et 1, rΣϕ ), respectively.
The trace plots and ACF plots of ε̄ and ε̃¯ show a similar pattern as that for (1). The
PT
trace plots and ACF plots of Ē = T −1 t=1 Et and λ show good mixing under CP
while it is poor for Ē under NCP. The corresponding ESS are presented in Table 1.
Finally, we consider a scale-mixture model (Morris et al., 2017; Hazra et al., 2020)
p
(3)
Yt (s) = bτt {εt (s) + ηt (s)}, s ∈ D ⊂ R2 , t = 1, . . . , T,
IID

where τt ∼ Inverse-gamma(a/2, a/2) and the other terms are as before. We choose the
prior a ∼ Discrete-uniform(0.1, 0.2, . . . , 50) similar to Hazra et al. (2020) and Hazra
and Huser (2021), and a flat prior for b over R+ . While different representations of
the same model are possible, not all of them allow Gibbs sampling for τt , and thus,
we skip them here. The model (3) has three layers and allows Gibbs sampling for the
unknown parameters (probability proportional to size sampling for a) and the latent
variables. The simulation design is the same as before and we choose the true values
a = 5 and b = 1. We fit (3) under non-scaled and scaled parametrizations (NSP and
SP, respectively). In NSP, we treat the levels as Yt
ε̃t

Indep

∼

Indep

Normal(ε̃t , b(1 − r)τt IN ),

Normal(0, brτt Σϕ ), τt ∼ Inverse-gamma(a/2, a/2), and the priors for a and

b. In SP, we replace the first three levels of NSP by Yt
Indep

∼

IID

IID

Indep

∼ Normal(ε̃∗t , (1 − r)τ̃t IN ),

ε̃∗t ∼ Normal(0, rτ̃t Σϕ ), and τ̃t ∼ Inverse-gamma(a/2, ab/2), respectively. The trace
plots and ACF plots of ε̃¯ and ε̃¯∗ (notation as before) and a show good mixing under both
PT
PT
NSP and SP. The trace plots and ACF plots of τ̄ = T −1 t=1 τt , τ̃¯ = T −1 t=1 τ̃t , and
b show a good mixing behavior under SP (after thinning by keeping one per four/five
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Table 1: Effective sample sizes (ESS) for the Gibbs samplers for models (1), (2), and
(3), under different parametrizations. ESS values correspond to 104 iterations, starting
from true parameter choices.
¯ Location-mixture (ε̄/ε̃,
¯ Ē, λ) Scale-mixture(ε̃/
¯ ε̃¯∗ , τ̄ /τ̃,
¯ a, b)
Parametrization GP (µ, ε̄/ε̃)
4
NCP/NSP
(48,47)
(55, 53, 902)
(10 , 95, 6940, 94)
CP/SP
(104 , 104 )
(104 , 8531, 8896)
(104 , 3256, 7292, 8146)
samples, for τ̃¯) but not under NSP. The corresponding ESS are presented in Table 1.
Specifying τt ∼ Inverse-gamma(a/2, b/2) as in Morris et al. (2017) show long-range
dependence in the ACF plots and using τt ∼ Inverse-gamma(a/2, ab/2), as in Hazra
et al. (2020), is recommended.
Overall, through simulation studies, we have illustrated the mixing of a Gibbs sampler under different parametrizations for some popular models for spatial geostatistics
and spatial extrems in the light of multigrid decomposition proposed in this paper,
which would help practitioners to design the MCMC effectively. Theoretical derivations
of the convergence rates in these spatial settings is a possible future endeavor.
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