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Abstract

Neural networks have recently shown promise for likelihood-free inference, provid-
ing orders-of-magnitude speed-ups over classical methods. However, current implemen-
tations are suboptimal when estimating parameters from independent replicates. In
this paper, we use a decision-theoretic framework to argue that permutation-invariant
neural networks are ideally placed for constructing Bayes estimators for arbitrary mod-
els, provided that simulation from these models is straightforward. We illustrate the
potential of these estimators on both conventional spatial models, as well as highly
parameterised spatial-extremes models, and show that they considerably outperform
neural estimators that do not account for replication appropriately in their network
design. At the same time, they are highly competitive and much faster than traditional
likelihood-based estimators. We apply our estimator on a spatial analysis of sea-surface
temperature in the Red Sea where, after training, we obtain parameter estimates, and
uncertainty quantification of the estimates via bootstrap sampling, from hundreds of
spatial fields in a fraction of a second.

Keywords: Bayes estimators, deep learning, likelihood-free inference, optimal infer-
ence, spatial statistics

1 Introduction

The most popular methods for making inference with parametric statistical models are
those based on the likelihood function, but a number of challenges can preclude their
use. First, the likelihood function may be unavailable. For example, it is typically not
possible to formulate the likelihood function for implicit generative (i.e., simulator)
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models (Diggle and Gratton, 1984, Lintusaari et al., 2017), which are commonly used
for modelling and analysing systems where there is an understanding of the underlying
mechanics (e.g., climate, cosmology, epidemiology, and population genetics). Second,
even if the likelihood function is available, it may be computationally intractable. For
example, popular models for spatial extrema are max-stable processes, for which the
number of terms involved in the likelihood function grows more than exponentially fast
with the number of observation locations (e.g., Padoan et al., 2010, Huser et al., 2019).
One proposed solution is to replace the full likelihood with a composite likelihood
(e.g., Cox and Reid, 2004, Varin and Vidoni, 2005, Varin et al., 2011), but this usually
results in a loss of efficiency (Huser and Davison, 2013, Castruccio et al., 2016), and
it is not always clear how to optimally select composite likelihood components. The
related Vecchia approximation (Vecchia, 1988) has been applied successfully both in
the Gaussian (e.g., Stein et al., 2004) and max-stable (Huser et al., 2022) settings,
but this approach is still an approximation and involves lower-dimensional likelihood
terms that need to be computed, and thus faces a trade-off between computational
and statistical efficiency. Similarly, the likelihood for latent Gaussian process models is
available, but it involves a high-dimensional integral when multiple random effects are
included (Banerjee et al., 2004). Several fast approximate methods have been developed
to fit these models, such as the integrated-nested Laplace approximation (INLA; Rue
et al., 2009) or Max-and-Smooth (Hrafnkelsson et al., 2021), but these methods only
apply to this specific model class and cannot be easily used in more complex settings
(e.g., with max-stable processes). General Markov chain Monte Carlo methods can be
designed, but they often suffer from both heavy computations and poor convergence
of the Markov chains to their limit distribution.

A host of likelihood-free methods have been developed to bypass these challenges,
and a particularly popular approach is approximate Bayesian computation (ABC;
Beaumont et al., 2002, Sisson et al., 2018). In its simplest form, ABC involves sim-
ulating from the model and retaining the realisations that are “most similar” to the
observed data, where similarity is usually assessed by comparing low-dimensional sum-
mary statistics. ABC methods are sensitive to the choice and number of summary
statistics (which traditionally require expert knowledge to construct), and highly pa-
rameterised models often require many summary statistics which, due to the curse of
dimensionality, could lead to a severe increase in computational cost. Recently, neural
networks have been used to automatically construct relevant statistics (e.g., Jiang et al.,
2017, Raynal et al., 2018, Chen et al., 2021). This approach alleviates one challenge
for ABC, namely the need for expert summary statistics, but the summary-statistic
dimension must remain low to ensure a reasonable acceptance rate, and this can result
in a poor approximation of the ABC posterior distribution to the true posterior dis-
tribution. A related approach, indirect inference (Gourieroux et al., 1993), introduces
a tractable auxiliary model that captures the important features from the true but
intractable model; then, estimates of the auxiliary-model parameters are mapped to
estimates of the true-model parameters, where the mapping is estimated using simu-
lations from the true model. Indirect inference can be sensitive to the choice of the
auxiliary model, and it requires an invertible mapping between the auxiliary-model
parameters and the true-model parameters. Neural networks have also been used to
approximate either the likelihood function or the posterior density (e.g., Papamakarios
and Murray, 2016, Lueckmann et al., 2017, Papamakarios et al., 2017, 2019, Greenberg
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et al., 2019); however, it can be difficult to accurately approximate entire likelihood
surfaces or density functions in many practical settings.

The focus of our work is on another likelihood-free method for parameter estima-
tion, which we refer to as neural estimation. A neural estimator is a neural network
that takes data as input, transforms them via a composition of nonlinear mappings,
and provides a parameter estimate as an output. Neural estimators date back to at
least Chon and Cohen (1997), but have seen considerable recent application involving
models for population-genetics (Flagel et al., 2018, Chan et al., 2018), time series (Rudi
et al., 2021), spatial fields (Cremanns and Roos, 2017, Gerber and Nychka, 2021, Lenzi
et al., 2021), and spatio-temporal fields (Zammit-Mangion and Wikle, 2020). Neural
estimators, once “trained”, have two main advantages over conventional estimators.
First, neural estimators are incredibly fast with a predictable run-time; in contrast,
likelihood-based estimators generally involve substantial computation, and the run-
time can vary greatly with the model and the observed data, which determines the
likelihood surface being explored. Therefore, neural estimators are ideal for applica-
tions requiring fast and repeated model fitting. Second, neural estimators are universal
function approximators (e.g., Hornik et al., 1989, Zhou, 2018), and they can therefore
be expected to outperform constrained estimators such as best linear unbiased estima-
tors. Uncertainty quantification with neural estimators is also straightforward through
the bootstrap distribution (e.g., Efron, 1979), which is traditionally considered to be
computationally intensive to sample from, but which is essentially available “for free”
with a neural estimator, as the trained network can be reused repeatedly at almost no
computational cost. Additionally, Neyman inversion (Neyman, 1937) based on neu-
ral estimators allows for quick construction of confidence sets with correct conditional
coverage (e.g., Dalmasso et al., 2022, Masserano et al., 2022).

Despite their clear potential, previous implementations of neural estimators do not
optimally account for replicated data. For example, in the spatial context, Gerber
and Nychka (2021) considered two approaches to handling replicated data, both with
various drawbacks. In the first approach they trained a neural estimator using a single
spatial field for each parameter configuration, applied the trained network to each
spatial field independently, and averaged the resulting estimates. While this approach
is invariant to the ordering of the replicates (i.e., it is permutation invariant), it does not
reduce the bias commonly seen in optimal (with respect to some loss function) small-
sample estimators as the sample size is increased. The approach is also, of course, futile
when the parameters in the model are not identifiable from a single replicate. In the
second approach they adapted the size of the neural estimator’s input layer to match the
number of independent replicates. This second approach is not permutation invariant;
it results in an explosion of neural network parameters with increasing number of
replicates; and it requires a different architecture for every possible sample size, which
reduces its applicability. The importance of neural estimators being able to properly
handle replicates is also seen in the results of Lenzi et al. (2021) when estimating the
range and smoothness parameters of a Gaussian process with a Matérn covariance
function from just a single field. These parameters are weakly identified from a single
field (Zhang, 2004) and, indeed, their neural estimators exhibit considerable bias.

In this paper we use the permutation-invariant neural network (Zaheer et al., 2017,
Pevný and Somol, 2017) for constructing permutation-invariant Bayes estimators in
the presence of replicated data. We show that neural estimators with this architecture
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are able to alleviate the issues encountered by Gerber and Nychka (2021) and Lenzi
et al. (2021); that they lead to substantial improvement in estimation accuracy and
bias-reduction; and that they lead to estimators that perform well over a large range
of sample sizes. We show the potential of these neural estimators by estimating pa-
rameters in Gaussian and max-stable processes, as well as the highly-parameterised
spatial conditional extremes model (Wadsworth and Tawn, 2022), whose parameters
are unidentifiable from a single spatial field. We use this latter model in the analysis of
sea-surface temperature extremes in the Red Sea which, unlike spatial data considered
to date in this context, are not fully-observed on a rectangular domain. The speed
of neural estimators leads to computationally efficient uncertainty quantification via
bootstrap sampling; we show that we can produce bootstrap confidence intervals from
hundreds of spatial fields in a fraction of a second.

The remainder of this paper is organised as follows. In Section 2, we outline the
methodology and theory underpinning permutation-invariant neural estimators. In
Section 3, we discuss the construction of these estimators, along with some practi-
cal considerations. In Section 4, we conduct extensive simulation studies for models
ranging from a Gaussian process model to the highly-parameterised spatial conditional
extremes model. In Section 5, we use the spatial conditional extremes model to analyse
sea-surface temperature in the Red Sea. In Section 6, we conclude and outline avenues
for future research.

2 Methodology

In Section 2.1, we review Bayes estimators and we show that they are permutation
invariant for replicated data. In Section 2.2, we discuss the use of permutation-invariant
neural networks for approximating Bayes estimators.

2.1 Bayes Estimators

A statistical model is a set of probability distributions P on a sample space S. A
parametric statistical model is one where the probability distributions in P are param-
eterised via some parameter vector θ, that is, one where P ≡ {Pθ : θ ∈ Θ}, where
Θ is the parameter space (e.g., McCullagh, 2002). Suppose that we have m mutually
independent realisations from Pθ ∈ P, which we collect in Z ≡ (Z ′1, . . . ,Z

′
m)′, where

θ is p-dimensional and unknown. Then, the goal of parameter point estimation is to
infer the unknown θ from Z using an estimator,

θ̂ : Sm → Θ,

a function mapping the m independent realisations from Pθ to the parameter space.
Estimators can be constructed intuitively within a decision-theoretic framework.

Consider a non-negative loss function, L(θ, θ̂(Z)), which quantifies the quality of an
estimator θ̂(·) for a given θ and data set Z. The estimator’s risk function is the loss
averaged over all possible data realisations. Assume, without loss of generality, that
our sample space is S = Rn. Then, the risk function is

R(θ, θ̂(·)) ≡
∫
Sm

L(θ, θ̂(Z))p(Z | θ)dZ, (1)
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where p(Z | θ) =
∏m
i=1 p(Zi | θ) is the likelihood function. Now, a ubiquitous approach

in estimator design is to minimise a weighted summary of (1) known as the Bayes risk,

rΩ(θ̂(·)) ≡
∫

Θ
R(θ, θ̂(·))dΩ(θ), (2)

where Ω(·) is a prior measure which, for ease of exposition, we will assume admits a
density p(·) with respect to Lebesgue measure. A minimiser of (2) is said to be a Bayes
estimator with respect to L(·, ·) and Ω(·).

Bayes estimators are theoretically attractive. If a Bayes estimator is unique, then
it is admissible (Lehmann and Casella, 1998, Thm. 5.2.4). Under suitable regularity
conditions and the squared error loss, the Bayes estimator is also consistent, asymptot-
ically normal, and asymptotically efficient (Lehmann and Casella, 1998, Thm. 6.8.3);
further, every possible set of conditions which implies consistency of the maximum
likelihood (ML) estimator also implies consistency of Bayes estimators for a large class
of prior distributions (Strasser, 1981).

Given the attractive properties of Bayes estimators, it is natural to design neural
estimators such that they can reconstruct Bayes estimators. However, the space Sm
could be huge and, without introducing appropriate structure, will lead to an explosion
in the number of neural-network parameters needed to reconstruct the Bayes estima-
tor. Further, a näıve implementation will only handle m replicates; ideally our neural
estimator can handle data sets of abitrary size. We tackle both of these challenges by
leveraging an important property of Bayes estimators for replicated data, namely, that
they are permutation invariant.

Proposition 1. Assume that, for some loss function L(·, ·) and prior distribution Ω(·),
the Bayes estimator exists and is unique. If the data Z1, . . . ,Zm are conditionally
independent and identically distributed (i.i.d.) given θ, then the Bayes estimator is
permutation invariant.

Proof. See Appendix A.

Naturally, the fundamental property of permutation invariance holds for several
classical estimators for replicated data; for example, the ML estimator, the maximiser
of
∑m

i=1 `(θ;Zi), with `(θ; ·) the log-likelihood function for a single replicate, inherits
permutation invariance from the sum operator, as do standard composite likelihood
estimators, such as the pairwise likelihood estimator. This property is important,
yet it has largely been ignored to date (see, e.g., the neural-network-variogram-based
estimator of Gerber and Nychka, 2021).

2.2 Neural Bayes estimators

To respect the property of permutation invariance, we couch our neural estimator in
the Janossy pooling framework of Murphy et al. (2019) which, for some fixed positive
integer k ≤ m, represents permutation-invariant functions as

θ̂(Z) = φ(T (Z)), T (Z) = a
(
{ψ(Z̃) : Z̃ ∈ Hk}

)
, (3)

where φ : Rq → Rp and ψ : Rnk → Rq, Hk is the set of all subtuples of
{Zi : i = 1, . . . ,m} with cardinality k, and a : (Rq)|Hk| → Rq is a permutation-invariant
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set function. Each aj(·), j = 1, . . . , q, is usually chosen to be a simple aggregation
function, such as elementwise addition, average, or maximum, but may also be param-
eterised (Soelch et al., 2019). Since |Hk| grows factorially fast with respect to k, in
practice k is usually chosen to be small.

Janossy pooling is most computationally efficient with k = 1, which leads to a
popular special case known as Deep Sets (Zaheer et al., 2017) with (3) simplifying to

θ̂(Z) = φ(T (Z)), T (Z) = a
(
{ψ(Zi) : i = 1, . . . ,m}

)
. (4)

Beyond the computational advantages, there are several appealing theoretical prop-
erties of (4); for example, when set addition is used for a(·), Han et al. (2022) show
that (4) can approximate any continuously differentiable permutation-invariant real-
valued function for sufficiently large q; see also Wagstaff et al. (2019, 2022) for relevant
discussion. Since a large class of permutation-invariant Bayes estimators can be rep-
resented in the form (4), or can be approximated using a function of this form, we use
(4) to model our neural estimators. We use the elementwise average for each aj(·),
j = 1, . . . , q, and we therefore rely on φ(·) and ψ(·) to provide flexibility in function
approximation. We model these functions using neural networks, which are universal
function approximators (e.g., Hornik et al., 1989, Zhou, 2018).

Collect in γ the parameters of the neural networks used to model ψ(·) and φ(·), so
that ψ(·) ≡ ψ(·;γ) and φ(·) ≡ φ(·;γ) (note, each function depends on only a subset
of γ). The corresponding estimator of the form (4) is then given by

θ̂(Z;γ) = φ(T (Z;γ);γ), T (Z;γ) = a
(
{ψ(Zi;γ) : i = 1, . . . ,m}

)
. (5)

Since the Bayes estimator minimises the Bayes risk (2), our proposed neural Bayes
estimator is θ̂(·;γ∗), where

γ∗ ≡ arg min
γ

rΩ(θ̂(·;γ)). (6)

Typically, (2) cannot be directly evaluated, but it can be approximated using Monte
Carlo methods. Specifically, given a set of K parameters sampled from the prior Ω(·)
denoted by ϑ and, for each θ ∈ ϑ, J sets of m mutually independent realisations from
Pθ collected in Zθ, then for γ fixed,

rΩ(θ̂(·;γ)) ≈ 1

K

∑
θ∈ϑ

(
1

J

∑
Z∈Zθ

L(θ, θ̂(Z;γ))

)
. (7)

Therefore, the optimisation problem (6) might be approximated using simulation from
the model, but does not require evaluation, or knowledge, of the likelihood function.
For sufficiently flexible architectures, the estimator targets the Bayes estimator with
respect to L(·, ·) and Ω(·), and will therefore inherit the associated optimality proper-
ties, namely, consistency and asymptotic efficiency. We call the fitted neural network
model a neural Bayes estimator.

Consider, for illustration, the problem of constructing a Bayes estimator for θ ∈ R+

from data Z1, . . . , Zm that are i.i.d. according to a uniform distribution on [0, θ], where
the prior Ω(·) is a (conjugate) Pareto distribution (see, e.g., Johnson et al., 1994,
Ch. 20), and where L(·, ·) is the absolute error loss. In this case, the Bayes estimator
is the posterior median which, for this model, is available in closed form; for a prior
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Figure 1: Kernel density approximations to the distribution of the Bayes estimator (green solid line)
under the absolute error loss, our neural Bayes estimator θ̂(·;γ∗) (red solid line) under the absolute
error loss, and the ML estimator (purple solid line) for θ from Unif(0, θ) data, where θ = 4/3 is
equal to the mean of the prior (Pareto) distribution, and where the sample size m = 10. The
approximations are based on 30,000 estimates obtained through simulation. The exact distribution
of the ML estimator (purple dotted line), which is available analytically, is also shown.

Pareto(a, b) distribution with shape a and scale b, the posterior median is b̃21/ã, where
ã = a+m and b̃ = max(Z1, . . . , Zm, b). We let a = 4, b = 1,m = 10, and we construct
the neural Bayes estimator to have the form (5) with q = 100. We use three-layer
neural networks to model φ(·;γ) and ψ(·;γ), let J = 1 and K = 106 in (7), and solve
(6) using stochastic gradient descent.

Figure 1 shows the kernel-smoothed distribution of the estimators (samples from
which were obtained via 30,000 simulations) with θ equal to the mean of the prior
distribution (in this case, θ = 4/3), and with the sample size m = 10. The first mode
in the distribution of the (neural) Bayes estimator appears because of our choice of
prior distribution. In the figure, we also show both the kernel-smoothed and analytical
distributions of the ML estimator (i.e., the sample maximum), in order to gauge the
effect of kernel smoothing on the visualised distributions. The distribution of our neural
Bayes estimator is clearly very similar to that of the true Bayes estimator.

Finally, we note that (4) can be viewed as a nonlinear mapping of summary statis-
tics, which is often seen in classical estimation. Indeed, best unbiased estimators for
exponential family models are of the form (4) where T (·) is sufficient for θ (Casella
and Berger, 2001, Ch. 7). This connection to classical estimators is important, as some
sufficient statistics are simple to compute, but can be difficult to model with generic
neural networks. In this framework, one may therefore choose to also incorporate
“expert” summary statistics, so that (5) becomes

θ̂(Z;γ) = φ(U(Z;γ);γ), U(Z;γ) = (T (Z;γ)′,S(Z)′)′, (8)

where S(·) is a qs-dimensional vector of expert summary statistics and, in a slight abuse
of notation, the domain of φ(·;γ) is now (q + qs)-dimensional. Equation (8) remains
permutation-invariant provided that S(·) is permutation-invariant. Since T (·;γ) can
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theoretically approximate well any summary statistic as a smooth function of the data,
the choice to include expert summary statistics in (8) is mainly a practical one that
could be useful in certain applications.

3 Practical considerations

The neural Bayes estimator is conceptually simple and can be used in a wide range of
problems where other approaches, such as maximum-likelihood estimation, are com-
putationally infeasible. The estimator also has marked practical appeal, as the general
workflow for its construction is only loosely connected to the statistical or physical
model being considered. The workflow is as follows:

(a) Define Ω(·) (the prior distribution for θ).

(b) Sample parameters from Ω(·) to form sets of parameters ϑtrain, ϑval, and ϑtest, used
in (7) during the training, validation, and testing stages of the neural network,
respectively (see Steps (f) and (g) below).

(c) Simulate data from the model, P, using these sets of parameters, yielding the
data sets Ztrain, Zval, and Ztest, respectively. These data are used in (7) during
the training, validation, and testing stages of the neural network (see Steps (f)
and (g) below).

(d) Choose a loss function L(·, ·).
(e) Design neural network architectures for φ(·;γ) and ψ(·;γ) in (5).

(f) Using the training sets Ztrain and ϑtrain, perform the optimisation task (6) under
L(·, ·) to obtain the neural Bayes estimator, θ̂(·;γ∗). During training, continu-
ously monitor progress based on Zval and ϑval.

(g) Assess θ̂(·;γ∗) using Ztest and ϑtest.

The resulting neural Bayes estimator is then an approximation to the Bayes estimator
with respect to L(·, ·) and Ω(·). We now discuss some practical aspects of this workflow.

Defining Ω(·). When training neural Bayes estimators it is important that there are
no large gaps in ϑtrain, since neural networks tend to be quite poor at interpolating over
large regions. This can create issues in our workflow when Ω(·) is very diffuse or heavy
tailed. Lenzi et al. (2021) suggest remedying this problem by using likelihood-based
estimates to elicit Ω(·) from the data, such that it is reasonably informative. However,
this requires likelihood estimation to be feasible in the first place, and retraining the
estimator with every new data set, which is not always practical. Therefore, unless
dictated by the application, Ω(·) is ideally chosen so that one does not have regions of
paucity on Θ when sampling from Ω(·).

Variable sample size. A neural estimator of the form (5) can be applied to sets
of arbitrary size. However, even when the neural Bayes estimator approximates the
true Bayes estimator arbitrarily well, it is conditional on the number of replicates, m,
and is not necessarily a Bayes estimator for m∗ 6= m. Denote a data set comprising
m replicates as Z(m) ≡ (Z ′1, . . . ,Z

′
m)′. There are at least two approaches one could

adopt if data sets with varying m are envisaged. First, one could train l neural Bayes
estimators for different sample sizes, or groups thereof (e.g., a small-sample estimator
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and a large-sample estimator). Specifically, for sample-size changepoints m1, m2, . . . ,
ml−1, one could construct a piecewise neural Bayes estimator,

θ̂(Z(m);γ∗) =


θ̂(Z(m);γ∗m̃1

) m ≤ m1,

θ̂(Z(m);γ∗m̃2
) m1 < m ≤ m2,

...

θ̂(Z(m);γ∗m̃l
) m > ml−1,

(9)

where, here, γ∗ ≡ (γ∗m̃1
, . . . ,γ∗m̃l−1

), and where γ∗m̃ are the neural-network parameters

optimised for sample size m̃ chosen so that θ̂(·;γ∗m̃) is near-optimal over the range of
sample sizes in which it is applied. We find that this approach works well in practice,
and that it is less computationally burdensome than it first appears when used in
conjunction with pre-training (see below). Alternatively, one could treat the sample
size as a random variable, M , with support over a set of positive integers,M, in which
case, for the neural Bayes estimator, (1) becomes

R(θ, θ̂(·;γ)) ≡
∑
m∈M

P (M = m)

(∫
Sm

L(θ, θ̂(Z(m);γ))p(Z(m) | θ)dZ(m)

)
. (10)

This approach does not materially alter the workflow, except that one must also sample
the number of replicates before simulating the data for (7). These two approaches can
also be combined, so that each sub-estimator in (9) is trained according to (10).

To illustrate this dependence on m, we trained neural Bayes estimators with a
range of sample sizes, where the inferential target is θ from replicated data generated
from a N(0, θ) distribution. We set the prior distribution over the variance θ to be an
InverseGamma(2, 2) distribution. The estimators θ̂(·;γ∗5) and θ̂(·;γ∗150) were trained
with each element of Ztrain corresponding to exactly 5 or 150 replicates, respectively,
while the estimator θ̂(·;γ∗1:150) was trained with the elements of Ztrain containing a
variable number of replicates and with M in (10) a discrete uniform random variable
with support between 1 and 150 inclusive. Figure 2, shows that estimators trained with
a fixed sample size are optimal only for those sample sizes at which they were trained.
On the other hand, the estimator θ̂(·;γ∗1:150) is not optimal for any m, but performs
well for all m ∈ {1, . . . , 150}. As a general rule, one should train the neural Bayes
estimator with all sample sizes for which it will be used. The number of sub-estimators
to use in (9) is application dependent.

Pre-training Typically, the parameters of a neural network are randomly ini-
tialised. Sometimes, however, the parameters of a neural network trained for one task
can provide useful initial values for the parameters of another neural network aimed at
tackling a slightly different task. This is referred to as pre-training (Goodfellow et al.,
2016, Ch. 8). Pre-training is ideal when developing a piecewise neural Bayes estima-
tor (9), whereby one may randomly initialise and train θ̂(·;γ∗m̃1

), use the parameters

γ∗m̃1
to pre-train θ̂(·;γ∗m̃2

), and so on. Since the task required of each neural Bayes
estimator is only slightly different to that of its predecessor (it only needs to account
for a different sample size), scant additional computational resources are needed to
train subsequent estimators. In fact, we find that this approach can sometimes even
reduce training time compared with training a neural estimator for a large sample
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Figure 2: Comparison of the Bayes estimator (green) with several neural estimators (orange, red,
purple) for θ from N(0, θ) data. Each curve displays the risk rΩ(θ̂(·; ·)) plotted as a function of the
sample size m.

size from scratch, since the number of operations required for doing gradient descent
when optimising scales linearly with the sample size. By pre-training a series of neural
Bayes estimators with progressively larger sample sizes, most of the learning is done
with small, computationally cheap sample sizes. In Section S1 of the Supplementary
Material, we conduct an experiment that illustrates the benefits of this strategy.

“On-the-fly” and “just-in-time” simulation. The ease of data simulation in
the problems we are concerned with means that Ztrain can be simulated periodically
during training, a technique that Chan et al. (2018) call “simulation-on-the-fly”. In
Section S2 of the Supplementary Material, we conduct an experiment to illustrate the
benefits of this strategy, where regularly refreshing Ztrain leads to lower out-of-sample
error and to a reduction in overfitting. This strategy therefore facilitates the use of
larger, more representationally-powerful networks that are prone to overfitting when
Ztrain is fixed. Refreshing Ztrain also has an additional computational benefit; data
can be simulated “just-in-time”, in the sense that they can be simulated from a small
batch of ϑtrain, used to train the neural estimator, and then removed from memory.
This can reduce pressure on memory resources when |ϑtrain| is very large.

Chan et al. (2018) also regularly refresh ϑtrain, and doing so leads to similar benefits.
However, fixing ϑtrain allows computationally expensive terms, such as Cholesky factors
when working with Gaussian process models, to be reused throughout training, which
can substantially reduce the training time for some models (Gerber and Nychka, 2021).

4 Simulation studies

We now conduct several simulation studies that clearly demonstrate the utility of neu-
ral Bayes estimators for estimating parameters in spatial models, and their outstanding
performance with respect to more traditional approximate likelihood-based approaches.
In Section 4.1, we outline the general setting for these simulation studies. In Section 4.2,
we estimate parameters of a spatial Gaussian process model. In Section 4.3, we con-
sider a spatial-extremes setting and estimate the parameters of Schlather’s max-stable
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Table 1: Summary of the neural network architecture used in Section 4. We follow the convention
of reporting the dimension of the input array and output array of each layer. A padding of 0 and
a stride of 1 are used in each 2D convolution layer. For all layers except the final layer we use a
rectified linear unit (ReLU) activation function. For the final layer, we use an identity activation
function. Recall that p denotes the number of parameters in the given statistical model.

layer type input dimension output dimension kernel size parameters
2D convolution [16, 16, 1] [7, 7, 64] 10× 10 6,464
2D convolution [7, 7, 64] [3, 3, 128] 5× 5 204,928
2D convolution [3, 3, 128] [1, 1, 256] 3× 3 295,168
vec(·) [1, 1, 256] [256] 0
dense [256] [500] 128,500
dense [500] [p] 501p
total trainable parameters: 635,060 + 501p

model (Schlather, 2002). In Section 4.4, we consider the highly-parameterised spatial
conditional extremes model (Wadsworth and Tawn, 2022).

For ease of notation, we omit dependence on the neural-network parameters γ in
future references to neural estimators, so that θ̂(·;γ), ψ(·;γ), and φ(·;γ) are written
simply as θ̂(·), ψ(·), and φ(·), respectively.

4.1 General setting

Across our simulation studies, our spatial domain of interest, D, is [0, 16]× [0, 16], and
we simulate data on a regular grid with unit-square cells, yielding 162 = 256 observa-
tions per spatial field. Convolutional neural networks (CNNs) are a natural choice for
regularly-spaced gridded data, and we therefore use a CNN architecture, summarised
in Table 1. To implement the neural estimators, we use the Julia (Bezanson et al.,
2017) package Flux (Innes, 2018), and the stochastic gradient descent algorithm, Adam
(Kingma and Ba, 2014). We conduct our studies using a workstation with an AMD
EPYC 7402 3.00GHz CPU with 52 cores and 128 GB of CPU RAM, and a Nvidia
Quadro RTX 6000 GPU with 24 GB of GPU RAM.

We consider two neural estimators which, to facilitate a fair comparison, are
both based on the architecture given in Table 1. The first estimator, θ̂0(·), is the
permutation-invariant neural estimator considered by Gerber and Nychka (2021) which
only exploits information from a single replicate of the spatial field during training, and
reflects the current state of the art for inference from multiple spatial fields using neu-
ral estimators. The second estimator, θ̂DS(·), is the piecewise neural Bayes estimator
(9), where each sub-estimator employs the Deep Set representation (4) with ψ(·) and
φ(·) constructed using the first four and last two rows of Table 1, respectively. The
estimator θ̂DS(·) consists of five sub-estimators, with the sample size changepoints in
(9) chosen to be m1 = 1,m2 = 20,m3 = 50, and m4 = 100, and the training sample
sizes m̃1 = 1, m̃2 = 10, m̃2 = 35, m̃4 = 75, and m̃5 = 150.

We assume that the parameters θ1, . . . , θp are independent a priori. Moreover, we
assume that each parameter is a priori uniformly distributed on an interval on R that
is parameter dependent. When training and validating the neural estimators, we use
the absolute error loss. We set the number of parameter vectors, K, in ϑtrain and
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ϑval to 10,000 and 2,000, respectively, and we keep these sets fixed during training.
We construct Ztrain and Zval by simulating J = 10 sets of m model realisations for
each parameter vector in ϑtrain and ϑval, respectively. During training, we fix Zval and
simulate Ztrain on-the-fly; hence, in this paper, we define an “epoch” as a pass through
Ztrain when doing stochastic gradient descent, before it is refreshed. We cease training
when the validation risk (i.e., the risk evaluated using ϑval and Zval) has not decreased
in 5 consecutive epochs.

We compare the neural estimators to a likelihood-based estimator, the maximum a
posteriori (MAP) estimator, which maximises the posterior density; namely,

θ̂MAP(Z) ≡ arg max
θ∈Θ

m∑
i=1

`(θ;Zi) + log p(θ). (11)

We solve (11) using the true parameters as initial values for the Nelder-Mead algorithm
(Nelder and Mead, 1965). Since the neural estimators consider the risk function with
respect to the absolute error loss, and the MAP estimator optimises the risk with
respect to the 0-1 loss, we facilitate a fair comparison by assessing all estimators using
a different risk function, namely, one based on the squared-error loss, which is a measure
of the estimator’s marginal bias and variance. We evaluate the risk of the estimators
using the Monte Carlo approximation (7), with |ϑtest| = 500. We provide details on
how we simulate from each model in Section S3 of the Supplementary Material.

4.2 Gaussian process model

Spatial statistics is concerned with modelling data that are collected across space;
reference texts include Cressie (1993), Banerjee et al. (2004), and Diggle and Ribeiro
(2007), and a recent review is given by Cressie and Moores (2021). In this subsection,
we consider a classical spatial model, the linear Gaussian-Gaussian model,

Zij = Yi(sj) + εij , i = 1, . . . ,m, j = 1, . . . , n, (12)

where Zi ≡ (Zi1, . . . , Zin)′ are data observed at locations {s1, . . . , sn} on a spatial
domain D, {Yi(·)} are i.i.d. spatially-correlated mean-zero Gaussian processes, and
εij ∼ N(0, σ2

ε ) is Gaussian white noise. An important component of the model is the
covariance function, C(s,u) ≡ cov

(
Yi(s), Yi(u)

)
, for s,u ∈ D and i = 1, . . . ,m, which

is the primary mechanism for capturing spatial dependence. Note that, since {Yi(·)}
are i.i.d., we have that cov

(
Yi(s), Yi′(u)

)
= 0 for all i 6= i′ and s,u ∈ D. Here, we use

the popular isotropic Matérn covariance function which, for h ≡ s− u, is

C(s,u) = σ2 21−ν

Γ(ν)

(
‖h‖
ρ

)
Kν

(
‖h‖
ρ

)
, (13)

where σ2 is the marginal variance, Γ(·) is the gamma function, Kν(·) is the Bessel
function of the second kind of order ν, and ρ > 0 and ν > 0 are the range and
smoothness parameters, respectively. Note that the Matérn covariance function has
several parameterisations; we adopt the parameterisation chosen by Gerber and Nychka
(2021) and follow their decision to fix σ2 = 1. This leaves three (possibly) unknown
parameters that need to be estimated: θ ≡ (σε, ρ, ν)′. Fixing the smoothness parameter
ν results in a relatively simple estimation task, since σ2 is fixed and the remaining
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Figure 3: The risk with respect to the squared error loss plotted against the number of replicates,
m, available for each parameter vector in ϑtest, for the estimators considered in Section 4.2. The
estimators θ̂0(·), θ̂DS(·), and the MAP estimator are shown in green, orange, and purple, respec-
tively.

parameters, σε and ρ, are usually well-identified from just a single replicate; we consider
this model, which was also considered by Gerber and Nychka (2021), in Section S4 of
the Supplementary Material. Here, we consider the Gaussian process model with all
three parameters unknown. Inference in this case is more challenging since ρ and ν
are only weakly identifiable from a single replicate (Zhang, 2004), but inference on ν
is important since it controls the differentiability of the process (Stein, 1999, Ch. 2).

We use a uniform prior for each parameter, from which we sample the sets of
parameters ϑtrain, ϑval, and ϑtest. Specifically, we let σε ∼ Unif(0.1, 1), ρ ∼ Unif(2, 10),
and ν ∼ Unif(0.5, 3.0). The total training time for θ̂0(·) is 15 minutes. The training
time for θ̂DS(·), despite it consisting of several sub-estimators and being trained with
large sample sizes (recall that the training time scales linearly with the sample size),
is only slightly larger, at 33 minutes, due to the pre-training strategy discussed in
Section 3. This modest increase in training time is a small cost when considering the
improvement in statistical efficiency, as we now show.

We compare the neural estimators to the MAP estimator (11) based on the likeli-
hood function given in Section S3.1 of the Supplementary Material. Figure 3 shows the
risk with respect to the squared-error loss against the number of independent replicates,
m, available for the estimation of each parameter in ϑtest. Clearly, θ̂DS(·) substantially
improves over the estimator that is simply an average of one-at-at-time estimators,
θ̂0(·). In the estimation of ρ and ν, the neural estimators outperform the MAP esti-
mator for small samples; promisingly, θ̂DS(·) and the MAP estimator are very similar
for large samples. The run time for the neural estimators to estimate all parameters
in ϑtest scales linearly between 0.1 and 2 seconds for m = 1 and m = 150, respectively,
while the MAP estimator needs between 600 and 800 seconds of computing time.

Next, we compare the empirical joint distributions of the estimators for a single
member of ϑtest. Figure 4 shows the true parameters (red cross) and corresponding
estimates obtained by applying each estimator to 100 sets of m = 150 independent
model realisations. The MAP estimator and θ̂DS(·) are both approximately unbiased,
and both are able to capture the correlations that one expects when using the chosen
parameterisation (13); both are clearly much better than θ̂0(·). Empirical joint distri-
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Figure 4: The empirical joint distribution of the estimators considered in Section 4.2 for a single
parameter vector in ϑtest. The true parameters are shown in red, while estimates from θ̂0(·), θ̂DS(·),
and the MAP estimator are shown in green, orange, and purple, respectively. Each estimate was
obtained from a simulated data set of size m = 150.

butions for additional parameters in ϑtest are shown in Figure S9 of the Supplementary
Material, and lead to similar conclusions to those drawn here. Overall, these results
show that θ̂DS(·) is a significant improvement over the prior art, θ̂0(·), and that θ̂DS(·)
is competitive with the likelihood-based estimator for this model.

4.3 Schlather’s max-stable model

We now consider more complex spatial models used for spatial extremes, useful reviews
for which are given by Davison et al. (2012), Davison and Huser (2015), Davison et al.
(2019), and Huser and Wadsworth (2022). Max-stable processes are the cornerstone of
spatial extreme-value analysis, being the only possible non-degenerate limits of properly
renormalized pointwise block maxima of i.i.d. random fields. However, their practical
use has been severely hampered because of the computational bottleneck in evaluating
their likelihood function. They are thus natural models to consider in our experiments,
and we here start with a fairly simple max-stable model with only two parameters,
also considered by Lenzi et al. (2021). Specifically, we consider Schlather’s max-stable
model (Schlather, 2002), given by

Zij =
∨
k∈N

ζik max{0, Yik(sj)}, i = 1, . . . ,m, j = 1, . . . , n, (14)

where
∨

denotes the maximum over the indexed terms, Zi ≡ (Zi1, . . . , Zin)′ are
data observed at locations {s1, . . . , sn} ⊂ D, {ζik : k ∈ N} for i = 1, . . . ,m are
i.i.d. Poisson point processes on (0,∞) with intensity measure dΛ(ζ) = ζ−2dζ, and
{Yik(·) : i = 1, . . . ,m, k ∈ N} are i.i.d. mean-zero Gaussian processes scaled so that
E[max{0, Yik(·)}] = 1. Here, by analogy with Section 4.2, we model each Yik(·) using
the Matérn covariance function, (13), with σ2 = 1. Hence, θ ≡ (ρ, ν)′.

To sample the sets of parameters ϑtrain, ϑval, and ϑtest, we use the same uniform
prior for ρ and ν as used in Section 4.2. We use the algorithm for fast approximate
simulation from (14) given by Schlather (2002). Realisations from the present model,
here expressed on unit Fréchet margins, tend to have highly varying magnitudes (see
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Figure 5: Diagnostic plots for the simulation study of Section 4.3. (Left and centre) The risk with
respect to the squared error loss plotted against the number of replicates, m, available for each
parameter vector in ϑtest. (Right) True parameters (red) and corresponding estimates, each of
which was obtained using a simulated data set of size m = 150. In all panels, θ̂0(·), θ̂DS(·), and
the pairwise MAP estimator are shown in green, orange, and purple, respectively.

Figure S10 of the Supplementary Material), and we reduce this variability by log-
transforming our data to the unit Gumbel scale. The total training time for θ̂0(·) and
θ̂DS(·) is 14 and 66 minutes, respectively.

As in Section 4.2, we assess the neural estimators by comparing them to a likelihood-
based estimator. For Schlather’s model (and other max-stable models in general), the
full likelihood function is computationally intractable, since it involves a summation
over the set of all possible partitions of Zi, i = 1, . . . ,m (see, e.g., Padoan et al., 2010,
Huser et al., 2019, and the references therein). A popular substitute is the pairwise
likelihood (PL) function, a composite likelihood formed by considering only pairs of
observations; specifically, the pairwise log-likelihood function for the ith replicate is

`P(θ;Zi) ≡
n−1∑
j=1

n∑
j′=j+1

log f(Zij , Zij′ ;θ), (15)

where f(·, · ;θ) denotes the bivariate probability density function for pairs in Zi which,
for Schlather’s model, is given in Section S3.2 of the Supplementary Material. Un-
der mild regularity conditions, the maximum PL estimator, obtained by maximising∑m

i=1 `P(θ;Zi), has similar asymptotic properties to the ML estimator (i.e., consis-
tency, asymptotic normality, square-root m rate of convergence to the limit), since the
pairwise log-likelihood function is a linear combination of unbiased estimating equa-
tions. Hence, in this subsection, we compare the neural estimators to the pairwise
MAP (PMAP) estimator, that is, (11) with the full log-likelihood function replaced by
(15). Often, both computational and statistical efficiency can be drastically improved
by using only a subset of pairs that are within a fixed cut-off distance, d (see, e.g.,
Bevilacqua et al., 2012, Sang and Genton, 2012). A line-search for d, the details of
which are summarised in Figure S11 of the Supplementary Material, shows that, here,
d = 3 units provides good results. We therefore fix d = 3.

The left and centre panels of Figure 5 show the estimators’ risk against the number
of independent replicates available for each member of ϑtest. For small samples, both
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neural estimators improve over the PMAP estimator. For moderate-to-large samples,
θ̂0(·) hits a performance plateau, while θ̂DS(·) continues to substantially outperform the
PMAP estimator. The run time for the neural estimators to estimate all parameters in
ϑtest scales linearly between 0.1 and 1.5 seconds for m = 1 and m = 150, respectively,
while the PMAP estimator needs between 750 and 1900 seconds of computing time.
The right panel of Figure 5 shows the empirical joint distribution of the estimators for
a single parameter vector in ϑtest, where each estimate was obtained from m = 150
replicates. Again, θ̂0(·) is strongly biased, while the PMAP estimator is unbiased but
is less efficient than θ̂DS(·). Empirical joint distributions for additional parameters
in ϑtest are shown in Figure S12 of the Supplementary Material, and lead to similar
conclusions to those drawn here. Overall, we find that the proposed estimator, θ̂DS(·),
is superior to the likelihood-based technique for Schlather’s max-stable model.

4.4 Spatial conditional extremes model

While max-stable processes are asymptotically justified for modelling spatial extremes
defined as block maxima, they have strong limitations in practice (see, e.g., Huser
and Wadsworth, 2022). Beyond the intractability of their likelihood function in high
dimensions, max-stable models have an overly rigid dependence structure, and in par-
ticular cannot capture a property known as asymptotic tail independence. Therefore,
different model constructions, justified by alternative asymptotic conditions, have been
recently proposed to circumvent the restrictions imposed by max-stability. In particu-
lar, the spatial conditional extremes model, first introduced by Wadsworth and Tawn
(2022) as a spatial extension of the multivariate Heffernan and Tawn (2004) model, and
subsequently studied and used in applications by, for example, Simpson et al. (2021)
and Richards et al. (2021), is especially appealing. This model has a more flexible
dependence structure capturing both asymptotic tail dependence and independence
(see Wadsworth and Tawn, 2022, for details) and leads to likelihood-based inference
amenable to higher dimensions. Nevertheless, making inference remains challenging
because this model is complex and is typically highly parameterised. In this subsec-
tion, we consider a version of the spatial conditional extremes model that involves eight
dependence parameters in total.

We use a formulation of the model that is similar to that originally proposed by
Wadsworth and Tawn (2022). The model describes the behaviour of a process con-
ditional on it being greater than some threshold, u, at a conditioning site, s0 ∈ D;
specifically,

Zij | Zi0 > u
d
= a(hj , Zi0) + b(hj , Zi0)Yi(sj), i = 1, . . . ,m, j = 1, . . . , n, (16)

where ‘
d
=’ denotes equality in distribution, Zi0 ≡ Zi(s0) is the value of the data process

at the conditioning site, hj ≡ sj−s0, and Zi0 − u | Zi0 > u is a unit exponential random
variable that is independent of the residual process, Yi(·), which we describe below.
Note that the processes {Yi(·) : i = 1, . . . ,m} are mutually independent. We model
a(·, ·) and b(·, ·) using parametric forms proposed by Wadsworth and Tawn (2022),

a(h, z) = z exp{−(‖h‖/λ)κ}, λ > 0, κ > 0,

b(h, z) = 1 + a(h, z)β, β > 0,
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where h ≡ s − s0 for s ∈ D and z ∈ R, though other specifications are also pos-
sible. We construct the residual process, Yi(·), by first constructing the process

Ỹ
(0)
i (·) ≡ Ỹi(·)− Ỹi(s0), where Ỹi(·) is a mean-zero Gaussian process with Matérn co-

variance function and with unit marginal variance, and then marginally transforming it
to the scale of a Subbotin distribution (Subbotin, 1923, also known as a delta-Laplace
or generalised Gaussian distribution) which, for y ∈ R, has density function

f(y) =
δ

2τΓ(1/δ)
exp

(
−
∣∣∣∣y − µτ

∣∣∣∣δ
)
, µ ∈ R, τ > 0, δ > 0.

We model δ as decaying from 2 to 1 as the distance to s0 increases; specifically,

δ(h) = 1 + exp
{
−(‖h‖ /δ1)2

}
, δ1 > 0. (17)

We defer to Wadsworth and Tawn (2022) for model justification and interpretation of
model parameters. The threshold u is a modelling decision made to ensure that the
data are sufficiently extreme and that, in a real-data setting, we have sufficiently many
fields available for parameter estimation: In this simulation setting, we set u to the
0.975 quantile of the unit-Laplace distribution. Here, for simplicity and by analogy
with the application in Section 5, we consider s0 fixed and in the centre of D.

To sample ϑtrain, ϑval, and ϑtest, we use a uniform prior for each pa-
rameter with κ ∼ Unif(1, 2), λ ∼ Unif(2, 5), β ∼ Unif(0.05, 1), µ ∼ Unif(−0.5, 0.5),
τ ∼ Unif(0.3, 0.9), δ1 ∼ Unif(1.3, 3), and with same prior for ρ and ν as used in Sec-
tions 4.2 and 4.3. We describe simulation from the model in Section S3.3 of the Sup-
plementary Material. We use the cube-root function as a variance-stabilising transfor-
mation. The total training time for θ̂0(·) and θ̂DS(·) is 22 and 43 minutes, respectively.

Figure 6 shows the risk against the number of independent replicates available for
each member of ϑtest, with θ̂DS(·) clearly outperforming θ̂0(·). Figure 7 shows the em-
pirical joint distribution of the estimators for a single member of ϑtest (lower triangle)
and simulations from the corresponding model (upper triangle). The estimator θ̂DS(·)
is approximately unbiased for all parameters and captures the expected negative corre-
lation between ρ and ν. Overall, the estimator θ̂DS(·) is clearly suitable for this highly
parameterised model, which is an important result for this framework.

5 Application to Red Sea surface temperature

We now apply our methodology to the analysis of sea-surface temperature data in
the Red Sea, which have also been analysed by Hazra and Huser (2021), Simpson
and Wadsworth (2021), and Simpson et al. (2021), among others, and have been the
subject of a recent competition in the prediction of extreme events (Huser, 2021).
The data set we analyse comprises daily observations from the years 1985 to 2015,
for 16703 regularly-spaced locations across the Red Sea; see Donlon et al. (2012) for
further details. Following Simpson et al. (2021), we focus on a southern portion of the
Red Sea, consider only the summer months to approximately eliminate the effects of
seasonality, and retain only every third longitude and latitude value; this yields a data
set with 678 unique spatial locations that are regularly-spaced but contained within an
irregularly-shaped spatial domain, D. To account for D lying away from the equator,
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Figure 6: The risk with respect to the squared error loss plotted against the number of replicates,
m, available for each parameter vector in ϑtest, for the estimators considered in Section 4.4. The
estimators θ̂0(·) and θ̂DS(·) are shown in green and orange, respectively.

we follow Simpson et al. (2021) in scaling the longitude and latitude so that each unit
distance in the spatial domain corresponds to approximately 100 km.

To model these data, we use the spatial conditional extremes model described in
Section 4.4. We transform our data to the Laplace scale and set the threshold, u in
(16), to the 95th percentile of the transformed data. This yields 141 spatial fields for
which the transformed datum at the conditioning site, s0, here chosen to lie in the
centre of D as in Simpson et al. (2021), is greater than u; a randomly-selected sample
of these extreme fields are shown in the top row of Figure 8.

The irregular shape of D means that CNNs are not directly applicable. We use
the standard technique of padding empty regions with zeros, so that each field is a
29 × 37 rectangular array consisting of a data region and a padded region, as shown
in Figure S13 of the Supplementary Material. We use the same prior distributions as
in Section 4.4, but with those associated with range parameters scaled appropriately.
Our architecture is a slightly modified version of the architecture given in Table 1.
Specifically, at the start of the network, we add a convolutional layer with a kernel size
of 14× 22, which transforms the input array to dimension 16× 16, so that subsequent
layers can correspond to those given in Table 1. We validate our neural Bayes estimator
using the approach taken in Section 4 (figures omitted for brevity).

Once training is complete, we can compute parameter estimates for the observed
data. Table 2 gives estimates and 95% confidence intervals for the estimates. These
confidence intervals are obtained using the non-parametric bootstrap procedure de-
scribed in Appendix B, which accounts for temporal dependence between the spatial
fields (see Figure S14 of the Supplementary Material). Estimation from a single set of
141 fields takes only 0.008 seconds, meaning that bootstrap confidence intervals can
be obtained very quickly. This is clearly an advantage of using neural estimators, as
opposed to traditional likelihood-based techniques for which uncertainty assessment in
complex models is usually a computational burden.
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Figure 7: (Lower triangle) The empirical joint distribution of the estimators considered in Sec-
tion 4.4 for a single parameter vector in ϑtest. The true parameters are shown in red, while
estimates from θ̂0(·) and θ̂DS(·) are shown in green and orange, respectively. Each estimate was
obtained from a simulated data set of size m = 150. (Upper triangle) Simulations from the model.
The colour scale has been clipped to only show values between the 0.01 and 0.99 quantiles of the
data to prevent outliers from dominating the colour scale.

We use two diagnostic plots to validate the fitted model. First, Figure 8 shows that
simulations from the fitted model display properties that are, on the whole, qualita-
tively similar to the observed data. Next, following Simpson et al. (2021), we separate
D into 17 non-overlapping regions, which are shown in the left panel of Figure 9. Given
that the transformed datum at s0 exceeds u, we estimate (and quantify the uncertainty
in) the proportion of locations in each region that also exceed u, using both model-
based and empirical methods. These are shown in the right panel of Figure 9, and
indicate overall agreement between the model and the observed data, with some mi-
nor lack of fit at very short distances. The empirical estimates are not monotonically
decreasing as a function of distance; this could be due to complex spatial dynamics or
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Figure 8: (Top row) Randomly-selected extreme fields from the Red Sea data set considered in
Section 5, where Z(s0) > u. (Bottom row) Simulations from the fitted model. The data are
overlaid on a map where the grey areas correspond to land (Sudan and Eritrea to the West, Saudi
Arabia to the East) and the white areas correspond to sea.

Table 2: Parameter estimates and 95% bootstrap confidence intervals (provided via the 2.5 and
97.5 percentiles of the bootstrap distribution) for the Red Sea data set of Section 5.

κ λ β ρ ν µ τ δ1

Estimate 1.00 2.74 0.24 1.34 0.78 0.09 0.56 1.22
2.5% 0.88 2.13 0.14 0.95 0.70 0.04 0.49 0.91
97.5% 1.19 3.79 0.40 1.85 0.87 0.14 0.65 1.63

non-stationarity in the data, or it could simply be an artefact of sampling variability.
In either case, the fit is reasonable, which suggests that our neural Bayes estimator has
provided reasonable parameter estimates for this data set.

Finally, we consider a second data set in the Red Sea, obtained by randomly select-
ing 678 irregularly-spaced locations from the full data set (we sample the same number
of locations to facilitate a comparison with the results discussed thus far). These data
cannot be processed with CNNs without some form of interpolation onto a regular grid
and, hence, another approach is needed. Gerber and Nychka (2021) suggest passing
the empirical variogram as the input to the first layer when one has irregularly-spaced
data. However, the variogram, which is based on only the second moment of the data,
is unlikely to contain sufficient information for inference with the present model. We
therefore consider dense neural networks (DNNs; also known as fully-connected neural
networks) instead. These architectures do not explicitly encode local dependence be-
tween observations and are typically less efficient than CNNs for structured data (e.g.,
Rudi et al., 2021). Indeed, we do observe a loss of efficiency, but find that a DNN used
in (5) still works reasonably well for the task at hand. Our full analysis with the DNN
is detailed in Section S5 of the Supplementary Material.
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Figure 9: (Left) The spatial domain of interest for the Red Sea study of Section 5, with the
conditioning site, s0, shown in red, and the remaining locations separated into 17 regions; the region
labels begin at 1 in the centre of the domain and increase with distance from the centre. (Right)
The estimated proportion of locations for which the process exceeds u given that it is exceeded at
s0 (points) and corresponding 95% confidence intervals (vertical segments) using model-simulated
and empirical bootstrap data sets.

6 Conclusion

We have proposed a principled, optimal, and fast, estimation technique for replicated
data under intractable models that bypasses likelihood computations by relying on
data simulation and neural networks. Our neural Bayes estimators are permutation-
invariant and approximate Bayes estimators, thus inheriting their appealing optimality
and large sample properties. Using neural Bayes estimators, we are able to jointly
estimate the range and smoothness parameters in a Gaussian process model and in
Schlather’s max-stable model, and to make inference on parameters in the highly-
parameterised spatial conditional extremes model. We also showed that neural Bayes
estimators can be used for real-world spatial data that are observed irregularly in space.

Our proposed methodology may be applied more generally in other non-spatial con-
texts. For time-series models, Rudi et al. (2021) found that CNNs outperformed DNNs
for estimating parameters in an ordinary differential equations model. Recurrent neu-
ral networks (RNNs; Rumelhart et al., 1986, Elman, 1990), would likely be superior to
CNNs in this case, especially when placed within a permutation-invariant framework;
they are also able to process data measured irregularly in time. In this work, we have
considered models with closed-form likelihood functions to be able to compare our
neural Bayes estimators with traditional likelihood-based estimators; the framework
is also applicable for inverse problems in complex physics-based models, which only
allow for simulation conditional on the parameters, and that do not have closed-form
likelihood functions. Further, unlike classical estimators that are often based on simple
loss functions, neural Bayes estimators can be obtained easily for arbitrary, possibly
asymmetric, loss functions. Finally, our estimators could be directly used in neural
frameworks for generating confidence sets with correct conditional coverage (e.g., Dal-
masso et al., 2022, Masserano et al., 2022) with replicated data. Investigating the
potential of our neural Bayes estimators in this context is the subject of future work.
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A Proof of Proposition 1

Recall Proposition 1:

Assume that, for some loss function L(·, ·) and prior distribution Ω(·), the
Bayes estimator exists and is unique. If the data Z1, . . . ,Zm are condition-
ally independent and identically distributed (i.i.d.) given θ, then the Bayes
estimator is permutation invariant.

The proof hinges on the fact that (i) the posterior density for θ is given by

p(θ | Z) =
p(θ)

∏m
i=1 p(Zi | θ)∫

Θ p(θ)
∏m
i=1 p(Zi | θ)dθ

= p(θ | Zπ), (18)

where Zπ ≡ (Z ′π(1), . . . ,Z
′
π(m))

′ is a permutation under π(·) of the replicates in Z ≡
(Z ′1, . . . ,Z

′
m)′, and that (ii) the Bayes estimator for a given Z minimises the posterior

expected loss (Lehmann and Casella, 1998, Thm. 1.1),∫
Θ
L(θ, θ̂(Z))p(θ | Z)dθ. (19)

Now, assume that the Bayes estimator for (19), θ̂(·), is not permutation invariant.
Then, for some permutation π(·) and observations Z, we have by uniqueness that∫

Θ
L(θ, θ̂(Z))p(θ | Z)dθ <

∫
Θ
L(θ, θ̂(Zπ))p(θ | Z)dθ,

since θ̂(Zπ) can be expressed as a different (non-Bayes) estimator formed by the com-
position of the Bayes estimator and a permutation function. Similarly, for observations
Zπ, we have that∫

Θ
L(θ, θ̂(Zπ))p(θ | Zπ)dθ =

∫
Θ
L(θ, θ̂(Zπ))p(θ | Z)dθ <

∫
Θ
L(θ, θ̂(Z))p(θ | Z)dθ,
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which is a contradiction. Therefore the unique Bayes estimator for (19) must satisfy

θ̂(Z) = θ̂(Zπ), (20)

for any π(·), and thus it is permutation invariant.

B Bootstrapping in the Red Sea study

Here, we detail the bootstrap techniques used in Section 5. Denote the observed data
set as Zobs. To quantify the uncertainty in θ̂(Zobs) and the model-based estimates of
the proportion of threshold exceedances in each region, we take the following approach.

(i) Compute θ̂(Zobs).

(ii) Generate B pseudo replicates of Zobs (we set B = 400) and denote these replicates
as Zobs

b , b = 1, . . . , B. (To account for temporal dependence, we use a non-
parametric-block bootstrap; see Huser and Davison, 2014. Specifically, based on
the assumption that fields between seasons are independent, we sample entire
seasons with replacement.)

(iii) Using the pseudo-replicate data sets, compute bootstrap estimates
θ̂(Zobs

1 ), . . . , θ̂(Zobs
B ); the 2.5 and 97.5 percentiles yield 95% bootstrap

confidence intervals for θ.

(iv) For each bootstrap estimate, simulate some large number, say, 1000 fields from
Pθ̂(Zobs

b ), generating B simulated data sets each with 1000 field replicates.

(v) Using these simulated data sets, compute B estimates of the proportion of thresh-
old exceedances in each region, from which bootstrap confidence intervals are
obtained through the appropriate quantiles.

Note that the finite sample size of Zobs makes the empirical estimates of the proportion
of threshold exceedances in each region susceptible to noise; the pseudo replicates of
Zobs also account for this uncertainty, since they are each approximately of the same
size as Zobs (approximately because the blocks vary in size).
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Supplementary Material for “Fast Optimal
Estimation with Intractable Models using
Permutation-Invariant Neural Networks”

This document contains supplementary material for the paper “Fast Optimal Es-
timation with Intractable Models using Permutation-Invariant Neural Networks”. In
Sections S1 and S2, we conduct experiments to illustrate the benefits of pre-training
and “on-the-fly” simulation, respectively. In Section S3, we describe how we simulate
from the models considered in Section 4 of the main text, and we provide the density
functions required for the corresponding likelihood-based estimators. In Section S4,
we describe our analysis for a version of the Gaussian process model that is simpler
than that considered in the main text, namely, the Gaussian process model with known
smoothness. In Section S5, we apply our methodology to the analysis of sea-surface
temperature data in the Red Sea, where the data are measured irregularly in space.
Finally, in Section S6, we provide additional exploratory and diagnostic plots for the
experiments given in the main text.

S1 Motivation for pre-training

Typically, the parameters of a neural network are randomly initialised. Sometimes,
however, the parameters of a neural network trained for one task can provide useful
initial values for the parameters of another neural network aimed at tackling a slightly
different task. This is referred to as pre-training (Goodfellow et al., 2016, Ch. 8).

To illustrate the benefits of pre-training in the context of neural parameter estima-
tion, Figure S1 shows the validation risk (i.e., the risk evaluated using ϑval and Zval)
during training for two neural estimators for the Gaussian process model of Section 4.2
of the main text. Both were trained with m = 30 independent replicates available for
each parameter configuration, but only one was pre-trained with a neural estimator
trained with m = 1 independent replicate. Although both estimators eventually con-
verge to a similar risk, the pre-trained estimator converges in drastically fewer epochs.

S2 Motivation for “on-the-fly” simulation

Recall that the ease of data simulation in the problems we are concerned with means
that Ztrain can be simulated periodically during training, a technique that Chan et al.
(2018) call “simulation-on-the-fly”. Here, we conduct an experiment to illustrate the
benefits of this strategy. We train several neural estimators for the parameters of the
Gaussian process model with known smoothness, as detailed in Section S4. We consider
three simulation-on-the-fly training routines; refreshing Ztrain every epoch, refreshing
Ztrain every 30 epochs, and keeping Ztrain fixed. We also consider two neural network
architectures that differ only in the width of each layer; the first contains roughly
600,000 trainable parameters, while the second contains an order-of-magnitude fewer.
All other components in the experiment (e.g., the size of Ztrain, here equal to 100,000)
are held fixed.
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Figure S1: The risk function with respect to the absolute error loss evaluated on the validation
set for two neural estimators, each trained with m = 30 independent replicates available for each
parameter configuration. One estimator (solid line) was pre-trained with a neural estimator trained
with m = 1 independent replicates, while the other (dashed-dotted line) was randomly initialised.
The horizontal dashed line shows the minimum risk achieved by the pre-trained estimator.

Simulate training data every epoch Simulate training data every 30 epochs Simulate training data once only

Large netw
ork

S
m

all netw
ork

0 50 100 150 0 50 100 150 0 50 100 150

0.1

0.2

0.3

0.4

0.1

0.2

0.3

0.4

epoch

r Ω
(θ̂

)

Figure S2: The risk with respect to the absolute error loss approximated using the training (blue)
and validation (red) data sets for two neural network architectures (rows) and for three simulation-
on-the-fly training routines (columns). The horizontal red dashed line shows the minimum valida-
tion risk achieved in the study, and all axes are fixed to facilitate comparison.

Figure S2 shows the risk evaluated during training for each combination of
simulation-on-the-fly training routine and network architecture. Comparing the
columns of the figure reveals that regularly refreshing Ztrain clearly reduces overfit-
ting, as measured by the discrepancy between training and validation risk. Due to this
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property, one may use larger, more-representationally-powerful neural networks that
are prone to overfitting when Ztrain is fixed, and this leads to lower out-of-sample error,
as seen when comparing the two panels in the first column of Figure S2.

Compared with fixing Ztrain, on-the-fly simulation can be computationally expen-
sive. However, one may mimic on-the-fly simulation to avoid excessive computational
cost. Specifically, to train a neural estimator for sample size m, one may simulate
Ztrain with each element containing m∗ replicates, where m∗ is a multiple of m; then,
during training, one may continuously cycle through the replicates of Ztrain using m
replicates per epoch. This approach mimics on-the-fly simulation in the sense that con-
secutive epochs use different training data, and it is particularly useful when training
a piecewise neural estimator (recall Equation (9) of the main text).

S3 Model simulation and density functions

We now describe how we simulate from the models considered in Section 4 of the main
text, and we provide the density functions required for the corresponding likelihood-
based estimators.

S3.1 Gaussian process model

Recall our formulation of the Gaussian process model from Section 4.2 of the main
text. We consider a classical spatial model, the linear Gaussian-Gaussian model,

Zij = Yi(sj) + εij , i = 1, . . . ,m, j = 1, . . . , n, (12 revisited)

where Zi ≡ (Zi1, . . . , Zin)′ are data observed at locations {s1, . . . , sn} on a spatial
domain D, {Yi(·)} are i.i.d. spatially-correlated mean-zero Gaussian processes, and
εij ∼ N(0, σ2

ε ) is Gaussian white noise. An important component of the model is the
covariance function, C(s,u) ≡ cov

(
Yi(s), Yi(u)

)
, for s,u ∈ D and i = 1, . . . ,m. Here,

we use the popular isotropic Matérn covariance function which, for h ≡ s− u, is

C(s,u) = σ2 21−ν

Γ(ν)

(
‖h‖
ρ

)
Kν

(
‖h‖
ρ

)
, (13 revisited)

with σ2 the marginal variance, Γ(·) the gamma function, Kν(·) the Bessel function of
the second kind of order ν, and ρ > 0 and ν > 0 the range and smoothness parameters,
respectively. Following Gerber and Nychka (2021), we fix σ2 = 1. This leaves three
(possibly) unknown parameters that need to be estimated: θ ≡ (σε, ρ, ν)′.

Let L denote the lower Cholesky factor of the covariance matrix

C ≡
(
C(sj , sj′) : j, j′ = 1, . . . , n

)
.

Then, simulation from (12) proceeds with Algorithm S1 and, for a single replicate, the
log-likelihood function for (12) is

`(θ;Zi) = −n
2

log 2π − 1

2
log |Σi| −

1

2
Z ′iΣ

−1
i Zi

= −n
2

log 2π −
n∑
j=1

logLjj −
1

2
u′iui,
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Algorithm S1 Simulation from the mean-zero Gaussian process model

Require: Parameters ρ, ν, and σε; sample size m.
1: Compute C, the covariance matrix with entries C(sj, sj′) for j, j′ = 1, . . . , n.
2: Compute L, the lower Cholesky factor of C.
3: for i = 1, . . . ,m do
4: Simulate wi ∼ N(0, I).
5: Simulate εi ∼ N(0, σ2

εI).
6: Set Y i = Lwi.
7: Set Zi = Y i + εi.
8: end for
9: Return Z ≡ (Z ′1, . . . ,Z

′
m)′.

where Σ ≡ cov(Zi, Zi) = C + σ2
ε I with I the identity matrix, Ljj is the jth diagonal

element of L, and ui is the solution to Lui = Zi which, since L is lower-triangular,
can be computed using an efficient forward solve.

S3.2 Schlather’s max-stable model

Recall Schlather’s max-stable model from Section 4.3 of the main text, given by

Zij =
∨
k∈N

ζik max{0, Yik(sj)}, i = 1, . . . ,m, j = 1, . . . , n, (14 revisited)

where
∨

denotes the maximum over the indexed terms, Zi ≡ (Zi1, . . . , Zin)′ are
data observed at locations {s1, . . . , sn} ⊂ D, {ζik : k ∈ N} for i = 1, . . . ,m are
i.i.d. Poisson point processes on (0,∞) with intensity measure dΛ(ζ) = ζ−2dζ, and
{Yik(·) : i = 1, . . . ,m, k ∈ N} are i.i.d. mean-zero Gaussian processes scaled so that
E[max{0, Yik(·)}] = 1. We model each Yik(·) using the Matérn covariance function,
(13), with σ2 = 1. Hence, θ ≡ (ρ, ν)′.

We use the algorithm for approximate simulation from (14) given by Schlather
(2002); see also Dey and Yan (2016, alg. 1.2.2). For completeness, we describe this
procedure in Algorithm S2. The accuracy of the algorithm is controlled with a tuning
parameter, R, which involves a trade-off between computational efficiency (favouring
small R) and accuracy (favouring large R). Schlather (2002) recommends the use of
R = 3; conservatively, we set R = 3.5.

Recall that we compare our neural estimator to the pairwise maximum a posteriori
(MAP) estimator, which is simply the MAP estimator with the log-likelihood function
replaced with the pairwise log-likelihood function. Further recall that, in general, the
pairwise log-likelihood function for the ith replicate is

`P(θ;Zi) ≡
n−1∑
j=1

n∑
j′=j+1

log f(Zij , Zij′ ;θ), (15 revisited)

where f(·, · ;θ) denotes the bivariate probability density function for pairs in Zi. The
bivariate cumulative distribution function for max-stable models with unit Fréchet
margins (e.g., Schlather’s model) is of the form (Huser, 2013, pg. 231–232),

F (z1, z2;θ) = exp{−V (z1, z2)},
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Algorithm S2 Simulation from Schlather’s max-stable model

Require: Positive R; parameters ρ and ν; sample size m.
1: Compute C, the covariance matrix with entries C(sj, sj′) for j, j′ = 1, . . . , n.
2: Compute L, the lower Cholesky factor of C.
3: for i = 1, . . . ,m do
4: Set Zi = 0.
5: Simulate ζ−1

i ∼ Exp(1).
6: while Rζi > min{Zi} do
7: Denote the current iteration by k.
8: Set Y ik = Lwk where wk ∼ N(0, I).
9: Set Zij = max (Zij, ζiYikj) for j = 1, . . . , n.

10: Update ζ−1
i by ζ−1

i + Ek, where Ek ∼ Exp(1).
11: end while
12: Set Zi = (Zi1, . . . , Zin)′.
13: end for
14: Return Z ≡ (Z ′1, . . . ,Z

′
m)′.

where V (·, ·) is the so-called exponent function. Then, by the chain rule,

f(z1, z2;θ) =
∂

∂z1∂z2
F (z1, z2) = {V1(z1, z2)V2(z1, z2)− V12(z1, z2)} exp{−V (z1, z2)},

where V1, V2, and V12 denote the partial derivatives of V with respect to z1, z2, and
both z1 and z2, respectively. Now, for (Z1, Z2)′ drawn from Schlather’s max-stable
model (14) and observed at locations s1, s2 ∈ D, respectively, we have

V (z1, z2) =

(
1

z1
+

1

z2

)[
1− 1

2

(
1− 1

z1 + z2
{z2

1 − 2z1z2ψ + z2
2}1/2

)]
,

V1(z1, z2) = − 1

2z2
1

+
1

2

(
ψ

z1
− z2

z2
1

)
(z2

1 − 2z1z2ψ + z2
2)−1/2,

V2(z1, z2) = V1(z2, z1),

V12(z1, z2) = −1

2
(1− ψ2)(z2

1 − 2z1z2ψ + z2
2)−3/2,

where ψ ≡ corr(Y(s1),Y(s2)) depends on θ.

S3.3 Spatial conditional extremes model

Recall our formulation of the spatial conditional extremes model from Section 4.4,
which describes the behaviour of a process conditional on it being greater than some
threshold, u, at a conditioning site, s0 ∈ D. Specifically,

Zij | Zi0 > u
d
= a(hj , Zi0) + b(hj , Zi0)Yi(sj), i = 1, . . . ,m, j = 1, . . . , n

(16 revisited)

where ‘
d
=’ denotes equality in distribution, Zi0 ≡ Zi(s0) is the value of the data process

at the conditioning site, hj ≡ sj−s0, and Zi0 − u | Zi0 > u is a unit exponential random
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Algorithm S3 Simulation from the spatial conditional extremes model

Require: Parameters ρ, ν, κ, λ, β, µ, τ , and δ1; extremal threshold u; sample size m.
1: Compute δ =

(
δ(h1), . . . , δ(hn)

)′
.

2: Compute σ̃(0) =
(
σ(0)(h1), . . . , σ(0)(hn)

)′
.

3: Compute C̃ ≡
(
C̃(sj, sj′) : j, j′ = 1, . . . , n

)
.

4: Compute L̃, the lower Cholesky factor of C̃.
5: for i = 1, . . . ,m do
6: Simulate Zi0 = u+ Ei, where Ei ∼ Exp(1).
7: Simulate Ỹ i = L̃wi, where wi ∼ N(0, I).

8: Set Ỹ
(0)

i = Ỹ i − Ỹ i0, where subtraction is elementwise.

9: Set Ỹ
(01)

i = Ỹ
(0)

i /σ̃(0), where division is elementwise. Note that the element of σ̃(0)

associated with s0 is equal to zero; since Zi0 ≡ Zi(s0) is simulated independently,
this is not a problem in practice.

10: Set Yi = t(Ỹ
(01)

i ) where t(·) is applied elementwise.
11: Set Zij = a(hj, Zi0) + b(hj, Zi0)Yij, for j = 1, . . . , n.
12: Set Zi = (Zi0, Zi1, . . . , Zin)′.
13: end for
14: Return Z ≡ (Z ′1, . . . ,Z

′
m)′.

variable that is independent of the residual process, Yi(·). We model a(·, ·) and b(·, ·)
using parametric forms proposed by Wadsworth and Tawn (2022),

a(h, z) = z exp{−(‖h‖/λ)κ}, λ > 0, κ > 0,

b(h, z) = 1 + a(h, z)β, β > 0,

where h ≡ s − s0 for s ∈ D and z ∈ R. We construct the residual process, Yi(·),
by first constructing the process Ỹ

(0)
i (·) ≡ Ỹi(·)− Ỹi(s0), where Ỹi(·) is a mean-zero

Gaussian process with Matérn covariance function and with unit marginal variance,
and then marginally transforming it to the scale of a Subbotin distribution. We model
δ as decaying from 2 to 1 as the distance to s0 increases; specifically,

δ(h) = 1 + exp
{
−(‖h‖ /δ1)2

}
, δ1 > 0. (17 revisited)

To describe simulation from (16), it is necessary to make several definitions. First,
let C̃(·, ·) denote the covariance function of the i.i.d. processes {Ỹi(·) : i = 1, . . . ,m}.
Second, define Ỹ

(01)
i (·) ≡ Ỹ (0)(·)/σ̃(0)(·), where σ̃(0)(·) is the standard-deviation process

of Ỹ (0)(·). Finally, since Ỹ
(01)
i (·) is a mean-zero Gaussian process with unit marginal

variance, we obtain the Subbotin-scale residual process as Yi(·) ≡ t(Ỹ (01)
i (·)), where

t(·) ≡ QS(Φ(·)), Φ(·) is the distribution function of the standard univariate Gaus-
sian distribution, and QS(·) is the quantile function of the Subbotin distribution (see
Section S3.3.1). Then, simulation from (16) proceeds with Algorithm S3.
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S3.3.1 The Subbotin distribution

A Subbotin distribution (Subbotin, 1923, also known as a delta-Laplace or generalised
Gaussian distribution) is parameterised via a location parameter µ ∈ R, a scale pa-
rameter τ > 0, and a shape parameter δ > 0. For y ∈ R and p ∈ [0, 1], the density,
distribution, and quantile functions of the Subbotin distribution are

fS(y;µ, τ, δ) =
δ

2τΓ(1/δ)
exp

(
−
∣∣∣∣y − µτ

∣∣∣∣δ
)
,

FS(y;µ, τ, δ) =
1

2
+ sign(y − µ)

1

2Γ(1/δ)
γ

(
1/δ,

∣∣∣∣y − µτ
∣∣∣∣δ
)
,

QS(p;µ, τ, δ) = sign(p− 0.5)QG

(
2|p− 0.5|; 1

δ
,

1

(kτ)δ

)1/δ

+ µ,

where γ(·) is the unnormalised incomplete lower gamma function and QG(·) is the
quantile function of the Gamma distribution.

S4 Gaussian process model with known

smoothness

We now consider the Gaussian process model of Section 4.2 of the main text with the
smoothness parameter, ν, fixed to 1. This leaves two estimable parameters, σε and ρ,
which are usually well-identified from just a single field. Note that this model was also
considered by Gerber and Nychka (2021).

Recall that we denote the sets of parameters used for training, validating, and test-
ing the neural estimator by ϑtrain, ϑval, and ϑtest, respectively. Rather than randomly
sampling from a prior measure Ω(·), Gerber and Nychka (2021) used a stratified, de-
terministic design (we defer to Gerber and Nychka, 2021, for details). The use of a
deterministic design still implies a prior measure but, unless the design is relatively
simple (e.g., a regularly spaced grid), this prior is difficult to formulate analytically.
Although one should sample from Ω(·), to facilitate a comparison with the work of
Gerber and Nychka (2021), here, we use the same ϑtrain and ϑtest they used, which
contain 40,200 and 900 parameter configurations, respectively. We choose ϑval to be
similar to ϑtest, with |ϑval| = 2, 000. These parameter sets are shown in Figure S3, with
a small subset of parameters in ϑtest chosen to represent a range of model behaviours
highlighted in red.

In our experiments, we compare the neural estimators to a likelihood-based estima-
tor, namely, the maximum a posteriori (MAP) estimator. The MAP estimator requires
the prior measure, Ω(·), to be known; since this is not known here, and because we
found that prior information is needed to avoid unreasonable maximum likelihood es-
timates in certain cases, here we let σε ∼ Unif(0.001, 1.5) and ρ ∼ Unif(1, 30).

Figure S4 shows the risk, with respect to the squared error loss and the prior im-
plied by the deterministic parameter-space design, against the number of independent
replicates, m, available for the estimation of each parameter in ϑtest. We also compare
the empirical joint distributions of the estimators for several parameters in ϑtest chosen
to represent a range of model behaviours: Figure S5 shows the true parameters (red
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model behaviours is highlighted in red.
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Figure S4: The risk with respect to the squared error loss plotted against the number of repli-
cates, m, available for each parameter vector in ϑtest, for the estimators considered in Section S4.
The estimators θ̂0(·), θ̂DS(·), and the MAP estimator are shown in green, orange, and purple,
respectively.

cross) and estimates obtained by applying each estimator to 100 sets of m = 150 in-
dependent model realisations. Overall, these results are in agreement with those given
for the more complicated Gaussian process model considered in the main text, namely,
that θ̂DS(·) is a significant improvement over the prior art, θ̂0(·), and it can incorpo-
rate information from an arbitrary number of replicates without a noticeable drop in
estimation quality.
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Figure S5: The empirical joint distribution of the estimators considered in Section S4, where each
panel corresponds to one of the parameter vectors in ϑtest (see Figure S3) intentionally chosen to
capture a range of model behaviours (red). In accordance with Figure S3, the panels are ordered
such that ρ increases moving from bottom to top, and σε increases moving from left to right.
The estimators θ̂0(·), θ̂DS(·), and the MAP estimator are shown in green, orange, and purple,
respectively. Each estimate was obtained from a simulated data set of size m = 150.

S5 Red Sea data: Irregularly-spaced locations

Here, we analyse the irregular Red Sea data set described at the end of Section 5 of
the main text. In particular, recall that;

we consider a second data set in the Red Sea, obtained by randomly selecting
678 irregularly-spaced locations from the full data set (we sample the same
number of locations to facilitate a comparison with the results discussed
thus far). These data cannot be processed with CNNs without some form
of interpolation onto a regular grid and, hence, another approach is needed.
Gerber and Nychka (2021) suggest passing the empirical variogram as the
input to the first layer when one has irregularly-spaced data. However,
the variogram, which is based on only the second moment of the data,
is unlikely to contain sufficient information for inference with the present
model. We therefore consider dense neural networks (DNNs; also known as
fully-connected neural networks) instead.

Specifically, we use a piecewise neural estimator in the same form as θ̂DS(·) of the main
text, with ψ(·) and φ(·) constructed using the first two and last two rows of Table S1,
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Table S1: Summary of the neural network architecture used Section S5. We follow the convention
of reporting the dimension of the input array and output array of each layer. Here, the dimension
of the input array to the first layer, 678, is the number of spatial locations, n, in the data set
considered in Section S5, and the dimension of the array output from the final layer is the number
of parameters, p, in the spatial conditional extremes model.

layer type activation function input shape output shape weights
dense ReLU [678] [300] 203,700
dense ReLU [300] [100] 30,100
dense ReLU [100] [50] 5,050
dense identity [50] [8] 408
total trainable parameters: 239,258

Table S2: Parameter estimates and 95% bootstrap confidence intervals (provided via the 2.5 and
97.5 percentiles of the bootstrap distribution) for the Red Sea data set considered in Section S5.

κ λ β ρ ν µ τ δ1

Estimate 1.04 3.29 0.29 2.76 0.55 -0.02 0.63 2.03
2.5% 0.95 2.38 0.19 2.11 0.49 -0.10 0.53 1.40
97.5% 1.19 4.17 0.52 3.61 0.63 0.06 0.75 2.67

respectively. As noted in the main text, DNNs are typically less efficient estimators
than CNNs for structured data (Rudi et al., 2021). It is difficult to directly compare
the CNN estimator of Section 5 of the main text with a DNN estimator for the present
data, since these estimators are trained and assessed on different data sets. Hence, for
the purpose of comparison, we also train a DNN estimator using the regular Red Sea
data set. We denote the CNN and DNN estimators trained on the regular data set by
θ̂CNN:reg(·) and θ̂DNN:reg(·), respectively, and we denote the DNN estimator trained for

the irregular data set simply by θ̂DNN(·). Figure S6 shows the risk function against
the sample size. The figure shows that the DNN estimators perform relatively well
irrespective of whether the data are regularly or irregular and, further, in agreement
with Rudi et al. (2021), the DNN estimator loses efficiency compared to the CNN
estimator, as expected.

The estimates from the irregularly-spaced Red Sea data set are given in Table S2,
and for most parameters are similar to those obtained from the regularly-spaced data
set. One disagreement between the estimators is in the estimates for ν and ρ, but these
parameters are negatively correlated and, hence, the two sets of estimates are likely to
lead to similar models, as reflected by the diagnostic plots given in Figures S7 and S8.
Overall, the DNN estimator seems to be adequate for inference from these irregular
spatial data.
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Figure S6: The risk with respect to the squared error loss plotted against the number of replicates,
m, available for each parameter vector in ϑtest, for the estimators considered in Section S5. The es-
timators θ̂DNN(·), θ̂DNN:reg(·), and θ̂CNN:reg(·) are shown in green, purple, and orange, respectively.
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Figure S7: (Top row) Randomly-selected fields from the Red Sea data set considered in Section S5,
where Z(s0) > u. (Bottom row) Simulations from the fitted model. The data are overlaid on a
map where the grey areas correspond to land (Sudan and Eritrea to the West, Saudi Arabia to the
East) and the white areas correspond to sea.
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Figure S8: (Left) The spatial domain of interest for the Red Sea study of Section S5, with the
conditioning site, s0, shown in red, and the remaining locations separated into 17 regions; the region
labels begin at 1 in the centre of the domain and increase with distance from the centre. (Right)
The estimated proportion of locations for which the process exceeds u given that it is exceeded at
s0 (points) and corresponding 95% confidence intervals (vertical segments) using model-simulated
and empirical bootstrap data sets.
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S6 Additional figures
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Figure S9: The empirical joint distribution of the estimators considered for the Gaussian process
model of Section 4.2 of the main text. Each row corresponds to a randomly chosen element of ϑtest.
The left panel of each row shows a single realisation from the model under the true parameters of
the given row. Within each of the remaining panels, the true parameters are shown as red crosses,
while estimates from θ̂0(·), θ̂DS(·), and the MAP estimator are shown in green, orange, and purple,
respectively. Each estimate was obtained from a simulated data set of size m = 150.
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Figure S10: Simulations from Schlather’s max-stable model of Section 4.3 of the main text. The
figure is divided into three sets of simulations (rows one and two, three and four, and five and
six), within which the model parameters are fixed. Within each set of simulations, the dependence
structure is similar in all fields, but the magnitude varies considerably.
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Figure S11: The risk with respect to the squared error loss plotted against the number of replicates,
m, available for each parameter vector in ϑtest, for several pairwise MAP (PMAP) estimators
considered for Schlather’s max-stable model of Section 4.3 of the main text. Here, we denote the
PMAP estimator based on the pairwise likelihood (PL) function that uses only a subset of pairs
that are within a fixed cut-off distance, d, by PLd. In this case, the PMAP estimator with d = 3
provides the best results.
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Figure S12: The empirical joint distribution of the estimators for Schlather’s max-stable model
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obtained from a simulated data set of size m = 150.
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Figure S13: Data and padded regions for the Red Sea application of Section 5 of the main text.
Padding the data is necessary to use a convolutional neural network (CNN) architecture, which
requires rectangular arrays of data.
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Figure S14: Extreme fields from the year 2015 for the Red Sea data set considered in Section 5 of
the main text; here, we show the cube-root of the Laplace-scale data to prevent the colour scale
being dominated by outliers. We account for the temporal dependence present in these fields using
the block bootstrap approach described in Appendix B of the main text.
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