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Abstract

Statistical modeling of a nonstationary spatial extremal dependence structure is
challenging. Parametric max-stable processes (MSPs) are common choices for mod-
eling spatially-indexed block maxima, where an assumption of stationarity is usual to
make inference feasible. However, this assumption is unrealistic for data observed over
a large or complex domain. We develop a computationally-efficient method for es-
timating extremal dependence using a globally nonstationary but locally-stationary
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MSP construction, with the spatial domain divided into a fine grid of subregions,
each with its own dependence parameters. We use LASSO (L1) or ridge (L2) penal-
ties to obtain spatially-smooth parameter estimates. We then develop a novel data-
driven algorithm to merge homogeneous neighboring subregions. The algorithm fa-
cilitates model parsimony and interpretability. To make our model suitable for high-
dimensional data, we exploit a pairwise likelihood to perform inference and discuss
its computational and statistical efficiency. We apply our proposed method to model
monthly maximum temperature data at over 1400 sites in Nepal and the surrounding
Himalayan and sub-Himalayan regions; we show significant improvements in model
fit compared to a stationary model. Furthermore, we demonstrate that the estimated
merged partition is interpretable from a geographic perspective and leads to better
model diagnostics by adequately reducing the number of parameters.

Keywords: domain partitioning, max-stable process, nonstationary extremal dependence,
regularization, spatial extremes.
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1 Introduction

Over the past decades, various parametric max-stable processes (MSPs) have been proposed

(see, e.g., Brown and Resnick, 1977; Smith, 1990; Schlather, 2002; Reich and Shaby, 2012;

Opitz, 2013), among which the extremal-t and Brown–Resnick classes are considered to be

the most flexible. Most classical applications of MSPs assume stationarity and isotropy

for simplicity and computational feasibility. Such a simplification may be unrealistic when

we obtain the data over a large or complex geographical domain. Misspecification of the

extremal dependence structure may cause issues for model fitting and estimation of spatial

risk measures (e.g., quantiles of some spatially aggregated quantity); see Huser and Gen-

ton (2016). Therefore, building flexible models that can capture nonstationary extremal

dependence is crucial.

To capture nonstationary extremal dependence, Blanchet and Davison (2011) suggest

splitting the study domain into distinct subregions and fitting separate stationary extremal

dependence models within each subregion, yielding a process that is inconsistent at the sub-

region boundaries. Locally-stationary processes are also used in the geostatistical literature

by Fuentes (2001, 2002) and Muyskens et al. (2022). Based on the Bayesian information cri-

terion or likelihood ratio test, these authors also propose a subregion-merging procedure to

define the boundaries of the local processes. Such models can parsimoniously capture global

nonstationarity. Alternatively, the spatial deformation approach, advocated by Sampson

and Guttorp (1992) in the geostatistical literature and by Richards and Wadsworth (2021)

in the spatial extremes literature, maps the original spatial locations onto a latent space,

where an assumption of stationarity and isotropy is reasonable. However, the estimation

and interpretation of this deformed space can be challenging. A simpler approach is to

define the latent space based on covariates, such as climate variables, rather than estimat-

ing it (Cooley et al., 2007); this method strongly relies on the choice of covariates for the

latent space. Another way of modeling nonstationary extremal dependence is to define a

stationary model on an expanded space through multidimensional scaling (Chevalier et al.,

2021), but computations and interpretation may be tricky.

In the classical spatial statistics setting, Parker et al. (2016) adopt a local stationarity
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perspective, and propose a computationally-efficient method for modeling global nonsta-

tionary spatial dependence using Gaussian processes (GPs) by first partitioning the domain

of interest into a fine grid of subregions and assigning to each its own set of covariance pa-

rameters, then combined into a global model through the nonstationary covariance function

proposed by Paciorek and Schervish (2006). Their method fixes the subregion partition

and fits an overdetermined model to data, with LASSO regularization utilized to reduce

the number of parameters. These penalties are also used by Sass et al. (2021) in the

extremes context to regularize nonstationary marginal parameters and return levels. For

extremal-t MSPs, Huser and Genton (2016) extend the correlation function proposed by

Paciorek and Schervish (2006) to incorporate covariates and model nonstationary spatial

extremal dependence, but their approach is fairly rigid and relies on strong assumptions

about the effect of specific covariates on the extremal dependence structure. By contrast,

our proposed approach merges ideas from classical geostatistics and extreme value theory

by developing a computationally-efficient model that can flexibly capture global nonsta-

tionarity in the extremal dependence with locally stationary subdomains. Specifically, our

proposed methodology relies on MSPs and domain partitioning, akin to Parker et al. (2016),

and then the efficient merging of subregions with similar parameter values in a data-driven

way. While we constrain our focus to the Brown–Resnick model in this work, extensions to

other MSPs are straightforward. Our proposed method also bears similarities with the local

likelihood approach advocated by Castro-Camilo and Huser (2020) for modeling threshold

exceedances, although we here focus on modeling maxima through max-stable processes

instead and, unlike Castro-Camilo and Huser (2020), our approach takes advantage of the

whole dataset at once for estimating the nonstationary spatial dependence structure.

The full-likelihood for MSPs is intractable when the dimension of data exceeds D = 13

(Castruccio et al., 2016; Huser et al., 2019), and the analytical expression of the multi-

variate density is only available for a small collection of parametric models. Pairwise and

triplewise likelihoods are commonly used to perform inference after being carefully studied

by Padoan et al. (2010) and Huser and Davison (2013), with the latter concluding that

triplewise likelihood inference has only moderate improvements over the pairwise variant.
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Similarly, Huser et al. (2022) adopt the Vecchia likelihood approximation technique (Vec-

chia, 1988; Stein et al., 2004), originally proposed in the classical geostatistical literature,

in the context of spatial extremes analysis with MSPs. Alternatively, several recent works

(Gerber and Nychka, 2021; Lenzi et al., 2021; Sainsbury-Dale et al., 2022) focus on esti-

mating the spatial dependence structures using artificial neural networks in the context of

both classical geostatistics and spatial extremes. However, both the Vecchia method and

neural estimation are impractical in our context. The Vecchia method for spatial extremes

can indeed still be relatively computationally intensive in high dimensions when using com-

ponent likelihoods beyond the pairwise case, and a faster estimation technique is necessary

for our iterative merging procedure, while neural estimation is also infeasible due to the

large number of parameters in our model; we would need to train many neural networks

with different architectures sequentially due to the nature of the merging algorithm, which

would be inefficient. Hence, we prefer to use a pairwise likelihood for inference, which is

both simple and quite fast. Huser and Genton (2016) suggest a careful choice of a small

fraction of observation pairs for achieving computational and statistical efficiency, and we

investigate this thoroughly.

The paper is organized as follows. In Section 2, we provide a brief summary of MSPs

along with details of the pairwise likelihood approach to inference. Besides the nonsta-

tionary Brown–Resnick model, we discuss the computational and statistical efficiency of

our pairwise likelihood approach, along with our approach to merge subregions without

expert knowledge in Section 3. We illustrate the efficacy of our approach with a simulation

study in Section 4 and apply our proposed methodology to Nepalese temperature data in

Section 5. Section 6 concludes with a discussion of avenues for future research.

2 Max-Stable Processes

2.1 Construction

Suppose that {Xi(s) : i = 1, . . . ,m} are independent and identically distributed (i.i.d.)

random processes with continuous sample paths on S ⊂ R2, and that there exist se-
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quences of functions αm(s) > 0 and βm(s) such that the renormalized process of point-

wise maxima αm(s)
−1[max{X1(s), . . . , Xm(s)} − βm(s)] converges weakly, as m → ∞,

to a process {Z(s), s ∈ S} with non-degenerate margins. Then Z(s) is a max-stable

process, and its margins follow the generalized extreme value distribution, denoted by

GEV{µ(s), ς(s), ξ(s)}, with distribution function

Gs(z) = exp

(
−
[
1 + ξ(s)

{
z − µ(s)
ς(s)

}]−1/ξ(s)

+

)
, (1)

defined on {z ∈ R : 1 + ξ(s){z − µ(s)}/ς(s) ≥ 0}, a+ = max(0, a), and where µ(s) ∈

R, ς(s) > 0, and ξ(s) ∈ R are site-dependent location, scale, and shape parameters,

respectively. Consider the standardized processes Yi(s) = [1− Fs{Xi(s)}]−1, i = 1, . . . ,m,

with Fs(·) being the marginal distribution function of Xi(s). The limiting process of

renormalized maxima max{Y1(s), . . . , Ym(s)}/m is a MSP with unit Fréchet margins, i.e.,

GEV(1, 1, 1). Following de Haan (1984) and de Haan and Ferreira (2007), under mild

conditions any MSP {Z(s) : s ∈ S} with unit Fréchet margins can be expressed as

Z(s) = sup
i≥1

Wi(s)/Pi, (2)

where for all i ∈ N, Pi are points of a Poisson process on (0,∞) with unit rate intensity,

and {Wi(s) : s ∈ S} are i.i.d. copies of a non-negative stochastic process satisfying

E{W (s)} = 1. The D-dimensional joint distribution of Z at the sites s1, . . . , sD ∈ S is

Pr {Z (s1) ≤ z1, . . . , Z (sD) ≤ zD} = exp {−V (z1, . . . , zD)} , (3)

where the exponent function V is

V (z1, . . . , zD) = E
[
max

{
W (s1)

z1
, . . . ,

W (sD)

zD

}]
. (4)

The function V has an explicit form only for specific choices ofW (s) with one such example

arising from the construction of the Brown–Resnick model (see Section 2.2).

To measure extremal dependence between the process observed at any two sites si and
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sj, where i, j ∈ {1, . . . , D}, we can use the extremal coefficient θ(si, sj) = V(si,sj)(1, 1) ∈

[1, 2] (Schlather and Tawn, 2003), where V(si,sj) denotes the restriction of the D-variate

function V to the variables at sites si and sj only. The case 1 ≤ θ(si, sj) < 2 corre-

sponds to asymptotic dependence with increasing strength of dependence as θ decreases,

and θ(si, sj) = 2 corresponds to perfect independence between limiting block maxima Z(si)

and Z(sj). The F -madogram (Cooley et al., 2006), defined by

ν(si, sj) =
1

2
E[|F{Z(si)} − F{Z(sj)}|],

where F (·) here denotes the standard Fréchet distribution function, can be used to estimate

the extremal coefficient, θ(si, sj) =
1+2ν(si,sj)

1−2ν(si,sj)
; the empirical counterpart ν̃(si, sj) can be

obtained by replacing expectations by sample averages, F by the empirical CDF, and Z by

independent replicates of the MSP at those sites. The empirical extremal coefficient can

thus naturally be defined as θ̃(si, sj) =
1+2ν̃(si,sj)

1−2ν̃(si,sj)
.

2.2 Brown–Resnick Model

Brown and Resnick (1977) and Kabluchko et al. (2009) propose the Brown–Resnick (BR)

process, defined by specifyingW (s) = exp{ϵ(s)−σ2(s)/2} in (2), for a zero-mean Gaussian

process {ϵ(s) : s ∈ S} with variance σ2(s) at location s ∈ S and semivariogram γ(·, ·) :

S × S → [0,∞). The bivariate exponent function defined in (4) is

V(si,sj) (zi, zj) =
1

zi
Φ

{
a

2
− 1

a
log

(
zi
zj

)}
+

1

zj
Φ

{
a

2
− 1

a
log

(
zj
zi

)}
, (5)

with a =
√

2γ(si, sj) and where Φ is the standard Normal distribution function. Here we

use the notation γ(si, sj) as the semivariogram may be nonstationary, i.e., a function of

both si and sj rather than their distance. The theoretical extremal coefficient for the BR

model is

θ (si, sj) = V(si,sj)(1, 1) = 2Φ

[
{2γ(si, sj)}1/2

2

]
, (6)

where γ(si, sj) controls the strength and decay of dependence within the process.
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2.3 Composite Likelihood Inference

Full likelihood inference for max-stable processes observed at a large number of sites is

computationally expensive, as evaluation of the D-dimensional joint density involves the

differentiation of (3) with respect to z1, . . . , zD, which leads to a summation indexed by

all possible partitions of {1, . . . , D}. The number of terms grows at a sup-exponential rate

with D. More precisely, the full D-dimensional density is computationally intractable even

for moderate D, i.e., D > 12 (Padoan et al., 2010; Castruccio et al., 2016; Huser et al.,

2019). To tackle this issue, (composite) pairwise likelihood (PL) inference is often used

in practice. Denoting zt,i as the t-th block maxima recorded at si for t = 1, . . . , T and

i = 1, . . . , D, the pairwise log-likelihood ℓPL with p-dimensional parameter set ψ is

ℓPL(ψ) =
T∑
t=1

∑
(i,j)∈O

[
log {Vi(zt,i, zt,j)Vj(zt,i, zt,j)− Vij(zt,i, zt,j)} − V(si,sj)(zt,i, zt,j)

]
, (7)

where Vi =
∂V(si,sj)

∂zi
and Vij =

∂2V(si,sj)

∂zi∂zj
, and the function arguments have been omitted

for simplicity, and O ⊂ Ototal with Ototal = {(i, j) : 1 ≤ i < j ≤ D} taken to be all

unique pairs of site indices. If O = Ototal, all available observation pairs are utilized and

this leads to inefficient inference due to the use of redundant information. Therefore, a

careful choice of a significantly smaller number of pairs is suggested by Huser and Genton

(2016) to achieve computational and statistical efficiency. A possibility is to include a small

fraction of strongly dependent pairs (Bevilacqua et al., 2012), i.e., the closest ones in the

stationary and isotropic case, or using more distant pairs of sites (Huser (2013), Chapter 3;

Huser and Davison (2014)). For a nonstationary model, selecting pairs using the lowest

pre-computed empirical extremal coefficients, i.e., the ones estimated with the strongest

dependence, leads to bias in parameter estimates (Huser and Genton, 2016); instead of

sampling only the closest observation pairs, we want to include pairs with various distances

to fully explore the extremal dependence structure. To this end, we propose two strategies:

a simple and a stratified sampling scheme. Our simple strategy is to randomly sample

a small fraction of observation pairs with uniform probability from all those available.

With stratified sampling, we stratify observation pairs into predefined distance classes, and
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then draw the same percentage of pairs from each class; this approach ensures that the

distribution of distances among sampled pairs is approximately uniform so that the distant

pairs have a similar “weight” in the pairwise likelihood compared to the close pairs. Our

simulations in Section 4.2 investigate the statistical efficiency of both sampling schemes.

Assuming independence between temporal replicates, the maximum pairwise likeli-

hood estimator, denoted ψ̂, is generally asymptotically Gaussian with convergence rate
√
T . Specifically, if ψ0 is the true parameter vector, then under mild regularity condi-

tions the distribution of ψ̂ for large T is ψ̂
·∼ Normal (ψ0,J(ψ0)

−1K(ψ0)J(ψ0)
−1), where

J(ψ) = E{−∂2ℓPL(ψ)/(∂ψ∂ψ
T )} ∈ Rp×p and K(ψ) = Var{∂ℓPL(ψ)/∂ψ} ∈ Rp×p are the

(pairwise) expected information matrix and variance of the score function, respectively.

Evaluating J(ψ) and K(ψ) at an estimate ψ̂, we can obtain the approximate asymptotic

variance of ψ̂. Model selection in this composite likelihood framework may be performed us-

ing either the composite likelihood information criterion (CLIC) or the composite Bayesian

information criterion (CBIC), defined by CLIC = −2ℓPL(ψ̂) + 2 tr{J(ψ̂)−1K(ψ̂)}, and

CBIC = −2ℓPL(ψ̂) + log(T ) tr{J(ψ̂)−1K(ψ̂)}, respectively, where a model with a lower

CLIC or CBIC value is preferred (Ng and Joe, 2014).

3 Methodology

3.1 Nonstationary Variogram for Brown–Resnick Model

Similarly to Huser and Genton (2016), we model nonstationarity in extremal dependence

by combining the BR max-stable process with a nonstationary exponential variogram con-

structed using a convolution-based nonstationary covariance model (Paciorek and Schervish,

2006). We begin by writing the variogram as

2γ(si, sj) = Var{ϵ(si)− ϵ(sj)} = Var{ϵ(si)}+Var{ϵ(sj)} − 2Cov{ϵ(si), ϵ(sj)}. (8)

We then allow Cov(·, ·) to be the nonstationary covariance function

Cov{ϵ(si), ϵ(sj)} = σ (si)σ (sj) ρ (si, sj) , (9)
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where σ(s) > 0 is a location-dependent sill parameter and ρ (si, sj) : S × S → [0, 1] is a

nonstationary (positive definite) correlation function. Although other choices are possible,

we here define ρ in terms of a stationary isotropic exponential correlation function ρ∗(h) =

exp(−h), for h ≥ 0, as

ρ (si, sj) = |Ω (si)|
1
4 |Ω (sj)|

1
4

∣∣∣∣Ω (si) +Ω (sj)

2

∣∣∣∣− 1
2

ρ∗ (dij) , (10)

with Ω (s) a location-dependent 2× 2 positive definite kernel matrix controlling the range

and shape of local dependence at s, and where dij is the Mahalanobis distance between

sites, with the form dij =

[
(si − sj)T

{
Ω (si) +Ω (sj)

2

}−1

(si − sj)

]1/2
. Here, we focus

on the locally isotropic case, for which Ω (s) = ϕ(s)I2, where ϕ(s) ≥ 0 is a location-

dependent range parameter. More complex non-isotropic cases are possible with general

covariance matrices Ω(s). Substituting (9) into (8) yields the nonstationary exponential

variogram 2γ(si, sj) = σ2 (si)+σ
2 (sj)− 2σ (si)σ (sj) ρ (si, sj), which can be used into (5)

for constructing nonstationary BR processes.

3.2 Domain Partitioning and Parameter Regularization

To reduce the number of parameters that are needed to represent the dependence struc-

ture, we partition the whole domain into a base partition P which consists of R subregions

{R1,R2, . . . ,RR}. This partition should be constructed to compromise parameter esti-

mation accuracy and model flexibility. If the subregions are too small, the estimation

of parameters in each subregion can be numerically unstable; if subregions are too large,

the model may be incapable of capturing fine-scale nonstationarity in the extremal depen-

dence. Similarly to Parker et al. (2016), we impose a penalty to regularize the dependence

parameters and fit the model by maximizing the penalized pairwise log-likelihood (PPL)

ℓPPL(ψ) = ℓPL(ψ)−
2∑

i=1

λi
∑
r1∼r2

|ψir1 − ψir2|
q , (11)
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where ψ1r = log(σ2
r) and ψ2r = log(ϕr) are the log-transformed sill and range parameters,

respectively, for subregion Rr, and the operation r1 ∼ r2 refers to neighboring subregions

Rr1 ,Rr2 , sharing a common boundary. Equation (11) with q = 1 and q = 2 corresponds to

LASSO (L1) and ridge (L2) regularization, respectively. Both LASSO and ridge regular-

ization enforce spatial “smoothness” in the dependence parameters, but in different ways:

while the LASSO regularization penalizes more small discrepancies (and can even enforce

parameters in neighboring subregions to be equal), the ridge regularization penalizes more

large discrepancies and tends to produce parameter surfaces that are smoother overall.

Instead of fixing the domain partition as Parker et al. (2016), we iteratively update

the partition P and reduce the number of parameters required for our model. Alongside

increased parsimonity, this approach allows us to better identify stationary subdomains of

S, which also leads to easier model interpretation. We achieve this in a data-driven way,

without the need for domain knowledge or covariate information. Our strategy is to start

with a fine collection of subregions as a base partition and then iteratively update the

partition by merging neighboring subregions, according to some quantifiable improvement

in model fit.

Starting with the base partition, denoted P0, a new partition Pj is generated by merging

neighboring subregions at subsequent steps j = 1, 2, 3, . . ., according to some criteria.

Different criteria have been proposed, including the BIC (Fuentes, 2001) and deviance

(Muyskens et al., 2022), but these approaches are not applicable when the likelihood is

penalized. Instead, we select a partition using the PPL, computed over a single holdout set

zhold. We denote this ℓPPL(ψ̂; zhold), where the estimate ψ̂ maximizes ℓPPL on a training

set ztrain. We can also use the average holdout PPL over data folds, which involves a higher

computational burden but a more stable model fitting. We take this approach in our data

application. The penalty term in (11) inherently includes information about the number

of parameters in the model, with the total number of neighboring subregion pairs, i.e., the

number of model parameters, reducing whenever some subregions merge. By selecting the

model with the larger PPL, we balance model flexibility and parsimony.

To choose candidate subregions to merge at step j, Muyskens et al. (2022) suggest
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randomly sampling neighboring pairs from all available neighboring subregions, and test-

ing a merge; this is performed exhaustively, without replacement, until acceptance. We

instead merge all neighboring pairs of subregions with estimated parameter difference

d(ψ̂j−1
r1

, ψ̂j−1
r2

) > 0 smaller than some predefined threshold ηj > 0, which is dependent

on step j. This procedure allows us to reduce computational time by merging multi-

ple subregions simultaneously. At step j, we choose a sequence of descending candidate

thresholds Hj = {ηj1:H : ηj1 > · · · > ηjH}, where H = H(j) ∈ N+ that may change with

iteration j. We start by generating a candidate for the next partition Pj by merging all

neighboring pairs of subregions with estimated parameter difference smaller than ηj1. If the

model fitted with this candidate partition increases the holdout PPL, then the candidate

partition is accepted for Pj. Otherwise, we create a new candidate similarly using the

smaller threshold ηjh and repeat this procedure, for all h. If no improvement is observed

using the final threshold in Hj, the procedure stops and the final partition P̂ is Pj−1.

The number of subregions in the final partition P̂ is of interest. As we take a data-driven

approach, the final partition P̂ may be sensitive to the choice of holdout set and observation

pairs used for optimization. Hence, we advocate estimation of a number of different P̂ using

different holdout sets and observation pairs, and selecting the most reasonable.

We tune λ = (λ1, λ2) using a similar approach to Parker et al. (2016). For the initial

partition P0, we begin with the fully stationary model, i.e., with λ1 = λ2 = ∞, and

then iteratively fit two models with new λ values. Each time λ is updated according to

descending grids Λ0
i = {∞, λ0i,2, . . . , λ0i,K0

i
} for i = 1, 2, until acquiring an optimal selection,

denoted λ̂0. Specifically, two different models are fitted, one with (λ01,2,∞) and one with

(∞, λ02,2). If a larger pairwise log-likelihood on the holdout set is achieved by one of them,

we choose the model with the largest improvement. We repeat this procedure until there

is no improvement. As λ controls model complexity, it should vary with the partition, and

so we tune λ for each new partition Pj, yielding the sequence of penalty parameters λ̂j for

step j. We denote by λ̂ the estimated penalty parameter λ for the final estimated partition

P̂ . After tuning λ, the PPL is calculated on the holdout sets and used for selecting a new

partition. We describe the selection of candidate thresholds H and the descending grid
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Algorithm 1: Partition selection and λ tuning

input : Base partition P0 = {r1, . . . , rR0}, descending grid Λ0, a holdout set zhold
output: A final partition P̂
λ̂0, ℓ0PPL(zhold; ψ̂

0, ztrain)← LambdaTuning(P0, Λ0, λ0);
j ← 1 ; /* Iteration j. */

repeat

λj ← λ̂j−1;

Λj ← UpdateGrid(λ̂j−1, λj−1, Λj−1);

Calculate {d(ψ̂j−1
r1

, ψ̂j−1
r2

) : r1 ∼ r2, r1, r2 = 1, . . . , Rj−1};
Choose Hj = {ηj1:H : ηj1 > · · · > ηjH};
h← 1 ; /* h-th element of the threshold candidates. */

repeat

ηj ← ηjh;

rj1 ← (rj−1
1 , rj−1

2 ) if d(ψ̂j−1
r1

, ψ̂j−1
r2

) < ηj & rj−1
1 ∼ rj−1

2 and acquire a

candidate partition Pj
cand = {Rj

1, . . . ,R
j

Rj
cand

};

λ̂j
cand, ℓ

j
PPL,cand(zhold; ψ̂

j, ztrain)← LambdaTuning(Pj
cand, Λ

j, λj);

h← h+ 1;

until ℓjPPL(zhold; ψ̂
j, ztrain) > ℓj−1

PPL(zhold; ψ̂
j−1, ztrain);

Update Pj ← Pj
cand; λ̂

j ← λ̂j
cand;

ℓjPPL(zhold; ψ̂
j, ztrain)← ℓjPPL,cand(zhold; ψ̂

j, ztrain);

j ← j + 1 ;

until h = H;

P̂ = Pj−1 ; /* Final merged partition. */

Λ = {Λ1,Λ2} in Section S3.1 of supplementary materials. The full algorithm for estimating

P̂ is detailed in Algorithm 1.

4 Simulation Study

4.1 Overview

In the simulation study, we first investigate the statistical properties of the maximum PL

estimator using different proportions of pairs for inference in Section 4.2. We then study

the model performance on simulated data in terms of model fit and true partition recovery

in Sections 4.3 and 4.4, respectively.

We generate data on a D = 40×40 grid of sites in the unit square [0, 1]×[0, 1], thus with
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D = 1600 spatial locations. We then partition D into four subdomains, Dr, r = 1, . . . , 4,

under two cases: i) a square grid or ii) a triangular grid, see Figure 1. Each subdomain has

its own sill, σ2, and range parameter, ϕ, as defined in (10). We consider two different cases

for the extremal dependence structure and enforce that only one of the two parameters

varies across subregions. The other remains fixed over D =
⋃4

r=1Dr. The two cases are:

• Case 1: σ2 varies with values {0.5, 2, 2, 5} for the subdomains D1, D2, D3, and D4,

respectively, with ϕ = 2 fixed over D.

• Case 2: ϕ varies with values {0.05, 0.2, 0.2, 0.5} for the subdomains D1, D2, D3, and

D4, respectively, with σ
2 = 0.2 fixed over D.

These two cases can help us to understand and compare the influence of each parameter

on the extremal dependence structure. Approximate samples of a BR process are then

generated in each case; for a single replicate, we generate m∗ independent realizations

ϵi(s), i = 1, . . . ,m∗, of a Gaussian process {ϵ(s) : s ∈ S} with zero mean and covariance

matrix constructed using (9). Points P1, . . . , Pm∗ are sampled independently from a unit

rate Poisson point process and ordered increasingly. Setting Wi(s) = exp{ϵi(s)− σ2(s)/2}

for i = 1, . . . ,m∗, and then computing Z(s) = max1≤i≤m∗{Wi(s)/Pi} gives an approximate

realization of the target BR process. With the accuracy of the approximation increasing

with m∗, we found that setting m∗ = 105 produced reasonable replicates of a BR process.

We repeat this to obtain T = 100 independent temporal replicates of Z(s), and the overall

experiment is repeatedN = 100 times to assess the performance of our estimation approach.

4.2 Selecting Observation Pairs

Suppose ψ̂O = maxψO ℓPL(ψ;O) is the maximum pairwise likelihood estimator, evaluated

using the subset of observation pairs O ⊂ Ototal. Using different percentages of observation

pairs, varying from 0.005% to 100%, and nonstationary data, we estimate ψ̂O to study the

variability of the estimator around the true parameter values. We select the observation

pairs with the methods discussed in Section 3, i.e., simple and stratified random sampling,

with the latter using ten equal-length distance classes. Nonstationary models are fitted with
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Figure 1: True partitions for simulation study. Left: true partition i), square grid; right:
true partition ii), triangular grid.
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Figure 2: Boxplots of the RMSE for ψ̂O using all observation pairs (green), the simple
random sampling (red), and stratified sampling (blue) schemes. Left: case 1, varying σ2;
right: case 2, varying ϕ.

true partitions i) and ii), and we consider both cases 1 and 2 for parameter specification;

results for true partition ii) were very similar and so we omit these for brevity. We quantify

the estimation accuracy through the root mean squared error (RMSE). For example, with

estimated parameter, σ̂2
n,r, and its true value, σ2

r , for the subdomainDr and each experiment

n = 1, . . . , N in case 1, we compute RMSE(σ̂2
n) =

√
1
4

∑4
r=1(σ̂

2
n,r − σ2

r)
2, and similarly for

the range parameter ϕ.

Figure 2 (left and right panels) reports the RMSE boxplots for cases 1 and 2, i.e.,

RMSE(σ̂2
n) and RMSE(ϕ̂n), respectively. We observe that there is no significant difference

in the performance of different sampling strategies if more than 0.05% of observation pairs

are used for fitting. However, the stratified sampling scheme tends to slightly outperform
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the simple one when only 0.01% pairs or less are available, and usually provides less biased

estimates in both cases 1 and 2, especially for the estimation of the range parameter; hence

we advocate using the stratified sampling method if only a small fraction of observation

pairs are available for inference. In our application, we use only 0.1% of observation pairs

for fitting, to balance computational time and statistical efficiency. We use simple random

sampling in Section 4.3, but stratified sampling in our application (see Section 5).

4.3 Model Performance

We now compare the performance of the three extremal dependence models we have dis-

cussed: a fully stationary BR model (model S), a nonstationary BR model using the

base partition (Model B), and a nonstationary BR model using the fully-merged parti-

tion (Model M); in the case of Models B and M, we consider both L1 and L2 regulariza-

tions to optimally “smooth” parameter estimates. We simulate data with both extremal

dependence cases 1 and 2 on both true partitions i) and ii).

To study the influence of base partition P0 misspecification (with respect to the true

partition) on the final model fit, we consider two scenarios: one where the base partition P0

is well-specified and it is feasible to obtain P̂ = P0, for true partition P0, and one where P0

is misspecified, i.e., P̂ = P0 is infeasible. In both scenarios, the base partition is constructed

from 100 subregions. For true partition i) (square grid), the well-specified P0 is constructed

by considering a regular subgrid, whereas the misspecified P0 is generated with a k-means

clustering algorithm using spatial coordinates as inputs, and where some subregions overlap

the true boundaries. For true partition ii), we only consider a misspecified base partition

constructed using a similar k-means algorithm. Among theD = 1600 observation locations,

15% are randomly selected as a validation set (Dvalid = 240). For the nonstationary models,

another 15% locations are randomly selected as a holdout set (Dhold = 240) whilst ensuring

that at least one location is within each subregion in the base partition.

To evaluate parameter estimation, we adopt the integrated RMSE, e.g., for the sill

estimates σ̂2, we have IntRMSE(σ̂2) =
√

1
N

∑N
n=1

1
D

∑D
j=1 (σ̂

2
n(sj)− σ2(sj))

2, where σ2(sj)

and σ̂2
n(sj) denote the true and the fitted value, respectively, for experiment n at site sj.
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Table 1: Models’ performances for case 1 (varying σ2) with true partition i). The relative
factors shown in subscript parentheses highlight the ratios between the nonstationary and
stationary models. In the first four rows, the value of the best model has been subtracted.
The best value in each row is in bold.

Sta. Nonstationary
Model B Model M

well-specified misspecified well-specified misspecified
L1 L2 L1 L2 L1 L2 L1 L2

PL Diff. −80769 0 −73 −9878 −9951 −522 −331 −11664 −11137
PPL Diff. – −27782 −27017 −5589 −1878 −24601 −24458 −909 0
CLIC Diff. 7971778 371200 30100 987205 1883071 46107 0 733784 686710
CBIC Diff. 7912086 896595 103570 1480716 3538099 91714 0 750201 718914
IntRMSE σ̂2 1.65 0.54(0.33) 0.54(0.33) 0.73(0.44) 0.73(0.44) 0.39(0.23) 0.36(0.22) 0.71(0.43) 0.71(0.43)
IntRMSE ϕ̂ 0.04 0.09(2.26) 0.09(2.27) 0.09(2.32) 0.09(2.33) 0.05(1.16) 0.04(0.86) 0.06(1.57) 0.06(1.54)

To assess full model fits, we compute the PL on the validation set, the PPL on the holdout

set, and the CLIC and CBIC on the training set for each model. The results of our studies

regarding model fit are given in Tables 1 and Tables S1 and S2 in supplementary materials.

When only the sill varies (Table 1), all nonstationary models exhibit larger estimates of

the PL, PPL, and lower estimates of CLIC, and CBIC than the stationary model, which

indicates that the nonstationary models provide better fits as expected. Model M outper-

forms Model B as we observe larger PPL, and lower CLIC and CBIC. The nonstationary

models provide a more accurate estimation of the spatially-varying σ2 (with both penalties),

observable through the reduced integrated RMSE. However, for ϕ estimation, some esti-

mation accuracy is sacrificed when using nonstationary models (approximately 2.3 times

integrated RMSE for Model B, and only about 1–1.5 times for Model M, compared to

the stationary model), but, from a practical standpoint, these errors are not large. It is

noteworthy that nonstationary models with a misspecified base partition outperform the

stationary model, which validates the efficacy of nonstationary models. We further note

that Model M provides lower integrated RMSE than Model B for both the sill and range

parameters, which indicates that merging subregions improves parameter estimation. In

general, L2 regularization performs better in the well-specified and misspecified cases for

Model M. As expected, nonstationary models with a well-specified partition have better

performance. Tables S1 and S2 in the supplementary materials show the results for case

2 of the extremal dependence structure with true partition i) and both dependence cases
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with true partition ii), respectively. Similarly to case 1 with true partition i), we again

observe that nonstationary models show their advantages in terms of both model fit and

estimation of spatially-varying parameters, and Model M further generally outperforms

Model B. We need to sacrifice some accuracy for the fixed parameter estimation when

using nonstationary models, but Model M, compared to Model B, demonstrates ability to

reduce the estimation error. In general, L2 regularization performs better than L1.

4.4 True Partition Recovery

To evaluate the accuracy of an estimated partition, we use the Rand index (RI). As a

measure of the similarity between two data clusters, the RI is defined as the proportion of

points that are correctly grouped together based on the true model partition P0 and the

estimated partition P̂ , i.e.,

RI =
Oss +Odd(

D
2

) ,

whereOss (Odd) is the number of pairs of sites that are simultaneously in the same (different)

subset of both P0 and P̂ . We also introduce a local Rand index (LRI) to assess the partition

accuracy for each site. For each specific site sj, for j = 1, . . . , D, the LRI(sj) is defined as

LRI(sj) =
1

T

T∑
t=1

1

D − 1

∑
i ̸=j

I(si, sj ∈ the same subregion in both P0 and P̂ or

si, sj ∈ different subregions in both P0 and P̂).

(12)

where I(·) denotes the indicator function. Larger values of LRI(sj) correspond to better

classification of site sj.

Table 2 summarizes the performance of models in terms of their recovery of true parti-

tions i) and ii). The results show that Model M generally outperforms Model B by providing

larger RI values overall, with the L2 regularization consistently performing better. Results

in Tables 1–2 suggest that the L2 regularization is generally preferable.

Figures 3, S1 and S2 (see supplementary materials for the latter two) give the LRI for

each site for the three scenarios discussed in Section 4.3, which illustrate the performance
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Table 2: Rand index values for the well-specified and misspecified variants of the true
partition designs in Figure 1, with both choices of regularization and dependence regimes.
The best value in each row and for each setting (well-specified or misspecified) is in bold.

Base partition Well-specified Misspecified
Model B Model M Model B Model M

L1 L2 L1 L2

true partition i) Case 1 0.760 0.982 0.998 0.759 0.852 0.859
(Square) Case 2 0.760 0.954 0.964 0.759 0.832 0.838
true partition ii) Case 1 - - - 0.758 0.741 0.769
(Triangular) Case 2 - - - 0.758 0.787 0.790

(a) Case 1, L1 (b) Case 1, L2 (c) Case 2, L1 (d) Case 2, L2

(e) Case 1, L1 (f) Case 1, L2 (g) Case 2, L1 (h) Case 2, L2

0.4
0.5
0.6
0.7
0.8
0.9
1.0

MRI

Figure 3: Average LRI for Model B (first row) and Model M (second row) for each site
with true partition i) and misspecified base partition (based on k-means clustering).

of the merged or base partitions on each pixel in terms of region classification. Model M

with a well-specified base partition generally gives the correct classification of each site as

shown from the results in Figure S1. When the base partition is misspecified, the merged

partitions generally provide smaller LRI for the few sites lying near the boundaries of the

true partition and considerably larger LRI for the many sites within the interior of the

true subdomains, indicating a better classification of individual sites overall. We note

that the LRI of the sites in subdomains D2 and D3 in Figure 1 are smaller than those

in subdomains D1 and D4 for both true partition cases, as the parameter values in the

former subdomains are here assumed to be equal and hence they are sometimes merged

together by our algorithm. This affects partition estimation using Model M. However, with

accurate parameter estimation, such misspecification does not impact our characterization
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Figure 4: Left: topographic map of the study region; right: elevation subdomains.

of the extremal dependence structure, and grouping more locations with similar dependence

characteristics together in the same cluster may even improve parameter estimation.

5 Nepal Temperature Data Analysis

Nepal is a south Asian country covering the Himalayan foothills and the highest peaks of

the Himalayan mountains. A strong nonstationary behavior in the dependence of temper-

ature extremes is therefore expected, and to investigate this hypothesis we obtain daily

temperature data, generated by version 2 of the NASA Global Land Data Assimilation

System (Rodell et al., 2004), from 2004 to 2019. To avoid potential edge effects, we include

D = 1419 observation locations within and surrounding Nepal, see Figure 4. At these

locations, we derive T = 192 observations of monthly maxima.

To model extremal dependence, we must first transform the monthly maxima data onto

the unit Fréchet scale. To account for spatial nonstationarity in the margins, we require

estimates of location-dependent GEV parameters as in (1). To accommodate temporal

nonstationarity, e.g., seasonality, in the time series, harmonic terms are imposed in the

modeling of the location µ(s) and scale ς(s). The shape parameter ξ(s) is fixed with

respect to time for each location. The marginal model for monthly maxima Yt(si) at site

si ∈ S and month t is

Yt(si)
ind∼ GEV{µt(si), ςt(si), ξ(si)},

for all i = 1, . . . , D and t = 1, . . . , T , with
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µt(si) = µ0(si) + µ1(si) sin(2πtmonth/12) + µ2(si) cos(2πtmonth/12), and

log[ςt(si)] = ς0(si) + ς1(si) sin(2πtmonth/12) + ς2(si) cos(2πtmonth/12),
(13)

where tmonth is the index of the corresponding month of each observation, and µ0(s), µ1(s),

and µ2(s) (ς0(s), ς1(s), and ς2(s)) are coefficients for covariates of the location (scale)

structure. Bayesian inference for spatially-varying marginal parameters may be performed

flexibly and quickly using the Max-and-Smooth method, introduced by Hrafnkelsson et al.

(2021), Jóhannesson et al. (2022), and Hazra et al. (2021), where unknown GEV parame-

ters are transformed using specific link functions and then assumed to follow a multivari-

ate Gaussian distribution with fixed and random effects at a latent level. Approximate

Bayesian inference is performed using the stochastic partial differential equations approach

and MCMC methods (see references for full details). Using the posterior mean of each

marginal parameter, we transform the original data onto the unit Fréchet scale. We draw

the quantile-quantile (QQ) plot for transformed data and conduct a hypothesis testing

based on Kolmogorov–Smirnov distance, whose results show that the marginal fit is satis-

factory overall (see Section S3.1 in the supplementary materials for details).

We then fit five BR max-stable models to the standardized data: a stationary model

(model S), and our proposed nonstationary model with a base and fully merged partition

(Model B and M), using both L1 and L2 regularization; we compare the performance of

all five models. The base partition (Figure 5) consists of 80 subregions and is generated

using k-means clustering on standardized longitude and latitude coordinates. To evaluate

model performance, a validation set (15%) is randomly sampled from all observation sites.

To tune the smoothness penalty λ and merge subregions, we split the remaining locations

into 5 holdout folds, ensuring that there is at least one holdout site in each subregion

for each fold. The initial descending grid for the λ-tuning procedure is chosen to be

Λ0 = (∞, 25, 24, 23, 22, 21, 20, 2−1, 2−2, 0); see Algorithm 1 in Section 3.2. We compute the

PL on the validation set, the holdout PPL averaged over folds, and the CLIC and CBIC

metrics for the remaining data excluding the validation set.

Table 3 shows that all nonstationary models provide a better fit than the stationary
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Figure 5: Left: base partition (80 subregions). Estimated merged partitions with L1

(centre) and L2 (right) regularization.

Table 3: Model performance metrics (×103). The number of parameters for each model is
provided in brackets. The best value in each row is in bold.

Sta.(2)
L1 L2

Base (160) Merged (28) Base (160) Merged (28)
PL −18066 −17975 -17960 −17966 −17963
PPL – −10400 −10395 −10394 -10391
CLIC 1180692 1171161 1169603 1170135 1169505
CBIC 1181132 1173024 1170104 1171403 1170314

Figure 6: Estimated sill (left block) and range (right block) parameters with base partition
(top row) and merged partition (bottom row). Each 2-by-2 block displays Model B (top)
and M (bottom) with L1 (left column) and L2 (right column) regularization.

one, as we observe improvement in all goodness-of-fit metrics; we further observe that

Model M outperforms Model B, regardless of the regularization used. For Model M, we

find that L2 regularization performs slightly better, when performing the comparison using

PPL or CLIC, but the opposite holds in terms of PL and CBIC. Figure 5 shows the final
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estimated partitions for both regularization schemes, while estimates of the sill and range

parameters are given in Figure 6. The partitions roughly identify the plain and mountainous

areas shown in Figure 4, suggesting that there is significantly different extremal dependence

behaviour in these areas. All nonstationary models provide larger sill estimates and smaller

range estimates in mountainous regions compared to the plains, suggesting that extremal

dependence in these areas decays faster with distance; the converse holds for the plains.

As a further model diagnostic, we compare the theoretical extremal coefficients, defined

in (6) from the fitted models with their empirical counterparts; empirical estimates ν̃(si, sj)

are obtained using the F -madogram (see Section 2.1). As the resulting empirical extremal

coefficient θ̃(si, sj) does not necessarily lie in the interval [1, 2], we truncate estimates out-

side of this interval. Computation was conducted using the R package SpatialExtremes

(Ribatet, 2020). To assess model fits, we partition the domain into 3 subdomains accord-

ing to low, medium, and high elevation (see Figure 4), and compute pairwise extremal

coefficients for all pairs of sites within each subdomain. Figure S4 in the supplementary

materials displays the theoretical extremal coefficients for the different model fits against

their empirical counterparts. We further compute the mean absolute difference (MAD) be-

tween the theoretical and empirical extremal coefficients for all pairs of sites in the whole

domain and in each elevation subdomain, and report the results in Table 4.

From Figure S4, we observe that the stationary model fails completely at identifying

the varied extremal dependence behavior within each subdomain, while the nonstationary

models, regardless of the partition and penalty used, provide a much better description of

different extremal dependence behaviour. While the theoretical extremal coefficients for

the nonstationary models may appear to slightly underestimate the extremal dependence

(comparing to the empirical ones), it is important to note that this apparent lack of fit

may be due to the high variability of the empirical estimates. We here have 192 indepen-

dent monthly maxima replicates, and hence the empirical extremal coefficients may not be

estimated well, especially in weak-dependence settings when θ(si, sj) ≈ 2. Another rea-

son might be that the exponential variogram we used has limited flexibility for capturing

long-range independence. Model M better describes nonstationary extremal dependence
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Table 4: Mean absolute differences for pairwise extremal coefficients, with pairs in the whole
domain (“Total”) or stratified by elevation subdomain (“Low”, “Medium”, and “High”).

Sta.
L1 L2

Model B Model M Model B Model M
Total 0.203 0.156 0.150 0.152 0.149
Low 0.250 0.109 0.108 0.103 0.095

Medium 0.248 0.169 0.164 0.168 0.163
High 0.119 0.253 0.213 0.245 0.216

behaviours overall, especially in low-elevation subdomain, which is confirmed by the MADs

(see Table 4). Nonstationary models significantly outperform the stationary one in the

low-elevation and middle-elevation subdomains in terms of MAD, with Model M slightly

outperforming Model B. In the middle-elevation subdomain, models S and B are compara-

ble, but Model M provides the smallest MAD. In the high-elevation subdomain, model S

gives a slightly better fit than the nonstationary models, which is reasonable because non-

stationary models give more realistic (larger) fitted values with increasing uncertainty in

the high-elevation subdomain. However, Model M again outperforms Model B. Finally, the

total MAD between theoretical and empirical extremal coefficients for the whole domain

is smaller for the nonstationary models, with Model M outperforming Model B. Therefore,

we conclude that the nonstationary models provide better estimates of the extremal depen-

dence structure of Nepal temperatures, and our proposed merging procedure can further

improve the fit, with L2 regularization generally outperforming L1 regularization in terms.

6 Concluding Remarks

In this paper, we propose a flexible, yet relatively parsimonious model for nonstationary

extremal dependence using the Brown–Resnick max-stable process, and we develop a new

computationally-efficient method to simultaneously estimate unknown parameters, identify

stationary subregions, and reduce the number of model parameters. More precisely, our

model is created by constructing a nonstationary variogram and partitioning the study do-

main into locally-stationary subregions. We further propose practical strategies for merging

subregions, to create a parsimonious model in a data-driven way, without expert knowl-
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edge. Inference is performed using a pairwise likelihood to mitigate computational expense,

and its statistical efficiency is investigated. In both our simulation study and application,

we show that our model provides good fits to data, and better captures nonstationarity in

extremal dependence, significantly improving on models previously seen in the literature.

We find in our simulation study that even when the base partition is misspecified, we

still observe improved model fits over stationary models, but even better fits are observable

with a well-specified base partition. Choosing the base partition for our model can be

problematic, as subregions in the base partition may overlap with the boundaries in the true

partition (if one exists). To mitigate this, we could divide the domain into finer subregions,

but this may lead to unreliable parameter estimation. Another possible approach could be

to allow subregions to split at each step as well as merge.

Our nonstationary Brown–Resnick max-stable process model uses an exponential var-

iogram, which is bounded above as the distance between locations si and sj increases,

and hence our model can only capture asymptotic dependence; it cannot capture situa-

tions where two sufficiently distant sites are independent. In a relatively small domain

of study, asymptotic dependence everywhere may be a reasonable assumption to make,

but this may not be the case for large, or topographically complex regions; creating valid

unbounded nonstationary variograms would be required to make our methodology more

flexible. Moreover, even with an unbounded variogram, the model would not be able to

capture forms of asymptotic independence other than perfect independence, as it uses max-

stable processes. However, asymptotic independence can be accommodated by adapting our

methodology to inverted MSPs (Wadsworth and Tawn, 2012), or other types of asymptotic

independence models, such as certain types of Gaussian location-scale mixtures (Opitz,

2016; Huser et al., 2017; Hazra et al., 2022; Zhang et al., 2022), which are more flexible to

capture sub-asymptotic extremal dependence (Huser and Wadsworth, 2022).

Further future work includes an extension to incorporate local anisotropy and adapting

our methodology to other max-stable processes, e.g., extremal-t; the former can be easily

accommodated by parameterizing the matrix Ω(s) in (10). Our approach could also be

extended to other spatial extreme models, such as Pareto processes (de Fondeville and
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Davison, 2018) or the spatial conditional extremes model (Wadsworth and Tawn, 2022).

SUPPLEMENTARY MATERIAL

PDF Supplement: This supplement contains further details on the algorithm; additional

simulation results; and further results for the data application (marginal and depen-

dence goodness-of-fit diagnostics) (PDF file)

R Code: This supplement contains the implementation of our proposed method in R, along

with the real Nepal temperature dataset, and a small simulation example (zip file)
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