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Abstract

In environmental science applications, extreme events frequently exhibit a complex spatio-

temporal structure, which is difficult to describe flexibly and estimate in a computationally

efficient way using state-of-art parametric extreme-value models. In this paper, we propose a

computationally-cheap non-parametric approach to investigate the probability distribution

of temporal clusters of spatial extremes, and study within-cluster patterns with respect to

various characteristics. These include risk functionals describing the overall event magni-

tude, spatial risk measures such as the size of the affected area, and measures representing

the location of the extreme event. Under the framework of functional regular variation, we

verify the existence of the corresponding limit distributions as the considered events become

increasingly extreme. Furthermore, we develop non-parametric estimators for the limiting

expressions of interest and show their asymptotic normality under appropriate mixing condi-

tions. Uncertainty is assessed using a multiplier block bootstrap. The finite-sample behavior

of our estimators and the bootstrap scheme is demonstrated in a spatio-temporal simulated

example. Our methodology is then applied to study the spatio-temporal dependence struc-

ture of high-dimensional sea surface temperature data for the southern Red Sea. Our analysis

reveals new insights into the temporal persistence, and the complex hydrodynamic patterns

of extreme sea temperature events in this region.
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1 Introduction

Many environmental extreme events, such as heavy precipitation [Castro-Camilo and Huser,

2020], heat waves [Zhong et al., 2022], or storms [Oesting et al., 2017], have a complex

spatio-temporal structure that has a direct influence on their statistical properties. With

appropriate statistical methods, this structure can be revealed by the use of spatio-temporal

data, which have become available in increasingly higher resolutions due to ongoing technical

progress. At the same time, the relevant events of interest are by definition rare, so observa-

tions usually contain only a few (if any) individual extreme events, which makes traditional

empirical approaches inefficient (if useful at all). An alternative more reliable approach for

tail extrapolation is to use specialized parametric models backed up by extreme-value theory.

Such models include max-stable processes [de Haan, 1984, Davison et al., 2012, Davison and

Huser, 2015, Davison et al., 2019], r-Pareto processes [Ferreira and de Haan, 2014, Dombry

and Ribatet, 2015, Thibaud and Opitz, 2015, de Fondeville and Davison, 2018], or more re-

cent processes that possess higher flexibility at sub-asymptotic levels [Wadsworth and Tawn,

2012, Huser and Wadsworth, 2019, Wadsworth and Tawn, 2022]; see Huser and Wadsworth

[2022] for a recent review of these parametric modeling approaches. However, one faces two

major challenges with such parametric approaches: it is both difficult to develop (i) models

that are relatively parsimonious and yet flexible enough to capture complex tail dependence

structures, and (ii) fast inference methods to fit these models efficiently with large datasets.

With regard to challenge (i), the extreme-value statistics community has so far primarily

focused on developing either purely temporal or purely spatial models. Only in recent years,

truly spatio-temporal models have been emerging [see, e.g., Davis et al., 2013, Huser and

Davison, 2014, de Fondeville and Davison, 2022, Simpson et al., 2022], but they are often

restricted to be stationary, spatially isotropic, space-time separable, or subject to irrealistic

dependence assumptions [see, e.g., Huser and Wadsworth, 2022, Hazra et al., 2021]. In most
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cases, the resulting models mainly aim at representing the marginal distributions and the

pairwise dependencies with maximum accuracy, often disregarding higher-order dependence

interactions. Certain crucial characteristic features of the events caused by the underlying

physical processes, such as a storm growing, moving over an area, and weakening, are indeed

very difficult to describe flexibly using parametric models.

With regard to challenge (ii), such spatio-temporal parametric extreme-value models

are often computationally intensive to fit in high dimensions, especially when they are based

max-stable processes [Padoan et al., 2010, Castruccio et al., 2016, Huser et al., 2019]. Recent

progress has been made to fit r-Pareto processes efficiently using a gradient-scoring approach

[de Fondeville and Davison, 2018], and to make fast inference for the conditional extremes

model using R-INLA [Simpson et al., 2022]. Amortized inference approaches based on neural

Bayes estimators have also been recently advocated to fit max-stable and other extreme-value

processes efficiently [Sainsbury-Dale et al., 2022]. Nevertheless, developing truly flexible

spatio-temporal models that can reliably capture a variety of joint tail events of interest and

within-cluster behaviors, and that can be fitted in truly high dimensions (e.g., of the order

of 5000×11000 dependent spatio-temporal locations as in our data application in Section 7)

remains currently inaccessible.

In this paper, instead of relying on parametric models, we propose an alternative and

computationally-cheap non-parametric approach that relies on mild standard assumptions

about the regularity of the joint tail (important for reliable tail extrapolation), and which

allows us to efficiently answer a wide variety of key scientific questions, such as

(Q1) How long does an extreme event last?

(Q2) Does the magnitude of the event increase/decrease within its course?

(Q3) Does the spatial area affected by the event shrink/grow?
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Figure 1: An extreme event as a realization of a spatio-temporal random field at three
instances of time (t = 1, t = 2 and t = 3; from left to right). The exceedances of the critical
threshold u (here u = 3) are displayed in colors. The black crosses mark the componentwise
median of the area affected by the extreme event.

(Q4) Does the “center” of the extreme event move in a certain way?

While these questions are quite basic, the answers may be not straightforward, even through

appealing visual plots. To illustrate this, Figure 1 displays exceedances of a critical high

threshold in three consecutive time points, based on some simulated data. Thus, one might

say that this is an extreme event of duration 3 or more, which provides a partial answer to

(Q1). Furthermore, it can be seen that the size of the area affected by the extreme event

is progressively growing in the displayed period (Q3), while, as the black crosses indicate,

the “center” of this event moves first from the center to the northeast and further in the

opposite direction to the southwest (Q4). The answer to question (Q2) requires a closer look

at the actual values of the magnitude, e.g., the spatial maximum, indicated by the darkest

red color in the figure, which increases from t = 1 to t = 2 and decreases thereafter.

More careful probabilistic answers to any of the questions raised above requires a more

precise definition of extreme events. Here, we employ the idea of clusters of extremes, for

which various definitions already exist in the context of univariate time series [see e.g., Ferro

and Segers, 2003, Markovich, 2014], and we extend them to the functional time series setting.

As the above discussion also demonstrates, the zig-zag behavior of certain characteristics of

extremes are of interest to address questions such as (Q2), (Q3) and (Q4). We shall describe
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such a zig-zag behavior by using ordinal patterns, a popular concept in time series analysis

which has found applications in various areas [see Bandt and Pompe, 2002, Keller et al., 2007,

Sinn et al., 2013, for instance]. Here, we generalize this tool to describe certain features of

spatio-temporal extreme events. Our proposed methodology extends the recent approach of

Oesting and Schnurr [2020] from univariate time series to process-valued time series.

As hinted above, we need assumptions on the space-time process that allow us to reliably

extrapolate beyond the range of the observed data. Our main assumption, which is quite

typical in extreme-value statistics, is that the spatio-temporal process of interest, X, is

regularly varying as a time series. As we do not only consider the process itself, but also

functionals applied to the time series, we need to introduce a refined and more flexible notion

of regular variation that can be applied in a more general setting. This notion is introduced in

Section 2. In Section 3, this concept is then used to define extremes and clusters of extremes

in a functional setting and to deduce limit expressions for the cluster size distribution. The

within-cluster behavior, in particular with respect to risk functionals, spatial risk measures,

and location measures, is further analyzed in Section 4. In Section 5, we then introduce

specialized ratio estimators for the corresponding limit distributions, and show that they are

asymptotically normal under appropriate mixing and anti-clustering conditions. In Section 6,

the finite-sample behavior of our proposed ratio estimators is illustrated in a spatio-temporal

simulated example. The estimators are then used in Section 7 to analyze the complex

extremal behavior of sea surface temperature in the southern Red Sea. We finally conclude

with some discussion and perspective on future research in Section 8.

2 Regular variation of functional time series

In the following, we consider a nonnegative stochastic process {X(s, t)}s∈S,t∈Z on a spatio-

temporal domain S × Z where the spatial domain S ⊂ Rd is compact and the temporal
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domain Z is discrete. We assume that, for each time t ∈ Z, the process {X(s, t)}s∈S

possesses continuous sample paths, denoted by {X(s, t)}s∈S ∈ C+(S), i.e., the time series is

{Xt}t∈Z is C+(S)-valued. For simplicity, we will assume that the time series is stationary,

i.e., the space-time process X is stationary in time (but not necessarily in space).

Our proposed extreme-value methodology relies on the more general concept of regular

variation for functional time series. Here, we follow Hult and Lindskog [2006] and Dombry

et al. [2018] in considering regular variation in a rather broad setting for stationary time

series on a metric space. More precisely, we shall study stationary time series {Xt}t∈Z that

take values in some complete separable metric space E, but for simplicity, we will restrict

ourselves to the following cases:

• E = [0,∞), i.e., we have a time series of random variables,

• E = [0,∞)d, i.e., we have a time series of random vectors,

• E = C+(S), i.e., we have a time series of nonnegative sample-continuous stochastic

processes on some spatial domain such as mentioned above,

equipped with the metric d(x,y) = ∥x − y∥∞ for all x,y ∈ E. As these spaces satisfy all

the conditions listed in Dombry et al. [2018], regular variation of an E-valued time series

can be defined in the following way.

Definition 2.1. An E-valued stationary time series {Xt}t∈Z is regularly varying, if, for

any finite set T ⊂ Z, the random vector (Xt)t∈T is regularly varying on E|T |, i.e., if there

exists a nondecreasing sequence {an}n∈N tending to ∞ and a non-zero Radon measure µT

on ET \ {0}, the exponent measure, such that

nP((a−1
n Xt)t∈T ∈ A)

n→∞−→ µT (A)

for any measurable set A ⊂ ET \ {0} bounded away from 0 such that µT (∂A) = 0.
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It can be shown that the sequence {an}n∈N is necessarily regularly varying with some

index 1/α > 0, i.e., a⌈nt⌉/an → t1/α for all t > 0 as n → ∞, and that the measure µT is

positively homogeneous of order −α where α is the same for all finite T ⊂ Z. Thus, {Xt}t∈Z

is also called regularly varying with index α. Note that also the sequence {an}n∈N can be

chosen independently of the index set T ⊂ Z, for instance, by the relation

nP(a−1
n ∥X0∥∞ > 1)

n→∞−→ 1.

Here, we repeat the characterization of regularly varying time series via the so-called

tail process and spectral tail process, which are essential concepts needed to derive the

asymptotic properties of our estimators defined below. For E = Rd, the result has been

stated in Basrak and Segers [2009], Theorem 2.1, Theorem 3.1 and Corollary 3.2 and, in a

very general setting, in Dombry et al. [2018], Lemma 3.5.

Theorem 2.2. Let {Xt}t∈Z be an E-valued stationary time series. Then, the following

statements are equivalent (where L(·) denotes “the probability law of”):

(i) X is regularly varying with index α.

(ii) There exists an E-valued time series {Yt}t∈Z with P(∥Y0∥∞ > y) = y−α for y ≥ 1,

called the tail process, such that, for every finite T ⊂ Z,

L({x−1Xt}t∈T | ∥X0∥∞ > x)
x→∞−→ L({Yt}t∈T ) weakly in ET .

(iii) There exists an E-valued time series {Θt}t∈Z with ∥Θ∥∞ = 1 a.s., called the spectral

tail process, such that, for every finite T ⊂ Z,

L({∥X0∥−1
∞ Xt}t∈T | ∥X0∥∞ > x)

x→∞−→ L({Θt}t∈T ) weakly in ET .

The tail process and the spectral tail process are related by L({Yt}t∈Z) = L({PΘt}t∈Z), where

P is an α-Pareto variable independent of the process {Θt}t∈Z.
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Note that, even if Xt is not univariate, but is a regularly varying multivariate or func-

tional time series, we can transform it to a univariate time series by taking norms. Then,

by definition, {∥Xt∥∞}t∈Z is a regularly varying univariate time series with tail process

{∥Yt∥∞}t∈Z and spectral tail process {∥Θt∥∞}t∈Z. Thus, applying the norm allows for the

application of classical tools for the analysis of extremes in regularly varying time series.

In practice, however, extremes are not only defined via the norm, but in terms of more

general risk functionals, see also Dombry and Ribatet [2015], Thibaud and Opitz [2015] and

de Fondeville and Davison [2018]. Thus, in the following, we analyze the extremal behavior

of the time series with respect to such a functional.

3 Clusters of extremes with respect to a homogeneous

risk functional

3.1 Risk functionals and regular variation

Building upon the background theory laid out in Section 2, we study the functional time

series {Xt}t∈Z and consider extremes defined in terms of threshold exceedances of a so-

called risk functional, i.e., a functional r : C+(S) → [0,∞) that is continuous and positively

1-homogeneous, i.e.,

r(cf) = cr(f), c ≥ 0, f ∈ C+(S).

As a first result, we generalize the fact that {∥Xt∥∞}t∈Z is a regularly varying univariate

time series and state that the same holds true for any time series of the type {r(Xt)}t∈Z.

This statement is closely related to results in Dombry and Ribatet [2015] and Dombry et al.

[2018]. For completeness, we provide a short proof in the Supplementary Material.

Proposition 3.1. Let {Xt}t∈Z be a stationary C+(S)-valued time series that is regularly

varying with index α > 0 and spectral tail process {Θt}t∈Z, and let r : C+(S) → [0,∞) be

a risk functional as defined above. Then, the univariate time series {r(Xt)}t∈Z is regularly
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varying with index α and spectral tail process {Θr
t}t∈Z whose law is given by

P({Θr
t}t∈Z ∈ A) =

1

E{r(Θ0)α}

∫
C+(S)Z

1

{{
r(θt)

r(θ0)

}
t∈Z

∈ A

}
r(θ0)

α PΘ(dθ)

for any measurable set A ⊂ C+(S)
Z. In particular, r(Θr

0) = 1 a.s..

3.2 Clusters of extremes

Denoting a C+(S)-valued random object Xt at some fixed time t ∈ Z as an extreme obser-

vation if and only if r(Xt) > u for some large threshold u, we can then follow the notation

of Oesting and Schnurr [2020] and call an ℓ-dimensional vector of processes (Xi)
t+ℓ−1
i=t a

u-exceedance cluster of size ℓ ∈ N with respect to r if and only if

r(Xt−1) ≤ u, r(Xt) > u, . . . , r(Xt+ℓ−1) > u and r(Xt+ℓ) ≤ u.

A natural interpretation of these clusters is that all the data points within a cluster form an

extreme event (such as a severe precipitation event spanning several time points, or a high sea

temperature persisting over consecutive days), while different extreme events are separated

by at least one non-exceedance of the prescribed threshold u. This definition naturally gives

rise to questions that may be potentially interesting from a scientific perspective, such as

“How long does an extreme event last?”, or in other words, “What is the size of a cluster of

u-exceedances with respect to r?”. To answer such questions, we need to characterize the

distribution of the size Cr
u of a randomly selected u-exceedance cluster from the time series

{Xt}t∈Z with respect to r. The cluster size distribution may be defined as

P(Cr
u = ℓ) =

P(there is a cluster of u-exceedances of size ℓ starting at t = 0)

P(there is a cluster of u-exceedances starting at t = 0)

=
P(r(X−1) ≤ u, r(X0) > u, . . . , r(Xℓ−1) > u, r(Xℓ) ≤ u)

P(r(X−1) ≤ u, r(X0) > u)
, ℓ ∈ N.

Analogously to Oesting and Schnurr [2020], regular variation of {r(Xt)}t∈Z stated in

Prop. 3.1 implies the existence of a limit distribution as u→ ∞, namely,

lim
u→∞

P(Cr
u = ℓ) =

P(P · r(Θr
−1) ≤ 1, P · r(Θr

0) > 1, . . . , P · r(Θr
ℓ−1) > 1, P · r(Θr

ℓ) ≤ 1)

P(P · r(Θr
−1) ≤ 1, P · r(Θr

0) > 1)
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=
P(max{1/r(Θr

0), . . . , 1/r(Θ
r
ℓ−1)} < P ≤ min{1/r(Θr

−1), 1/r(Θ
r
ℓ)})

P(1/r(Θr
0) < P ≤ 1/r(Θr

−1))

=
E
[
min{r(Θr

0)
α, . . . , r(Θr

ℓ−1)
α} −max{r(Θr

−1)
α, r(Θr

ℓ)
α}
]
+

E
[
r(Θr

0)− r(Θr
−1)

α
]
+

=
E
[
min{1, r(Θr

1)
α, . . . ∧ r(Θr

ℓ−1)
α} −max{r(Θr

−1)
α, r(Θr

ℓ)
α}
]
+

E
[
1− r(Θr

−1)
α
]
+

, (1)

for l ∈ N, where P is an α-Pareto random variable independent of the spectral tail process

{Θr
t}t∈Z. Note that, for the last equality, we used that r(Θr

0) = 1 a.s..

3.3 Extension to the non-heavy-tailed case

Remind that, for the definition of clusters, we required the C+(S)-valued time series {Xt}t∈Z

to be regularly varying. Segers et al. [2017] showed that this holds if and only if it is regularly

varying as a random element of the metric space C+(S)
Z. Thus, by results such as Thm- 2.4

in Lin and de Haan [2001] or Lemma 2.2 in Davis and Mikosch [2008], {Xt}t∈Z is regularly

varying with index α if and only if {Xt}t∈Z is in the max-domain of attraction of a max-stable

process Z = {Zt}t∈Z with α-Fréchet margins, i.e., a−1
n maxi=1,...,nX

(i) →d Z as processes in

C+(S)
Z, where X(1), X(2), . . . are independent copies of X and an are constants as in Def. 2.1.

Thus, we can extend our results to stationary C(S)-valued time series {Wt}t∈Z that can be

monotonically transformed to a regularly varying C+(S)-valued time series {Xt}t∈Z, i.e.,

X(s, t) = ϕ(W (s, t)), s ∈ S, t ∈ Z, (2)

where ϕ : (−∞, w∗) → [0,∞) is some nondecreasing bijective marginal transformation and

w∗ ∈ R ∪ {∞} is the (joint) upper endpoint of the marginal distributions of W ∗.

Now, assume that the risk functional r satisfies

ϕ(r(f)) = r(ϕ(f)) (3)

for any continuous function f : S → (−∞, y∗). For instance, irrespective of the choice of ϕ,

Condition (3) holds true for the following specific examples:
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• the spatial minimum/maximum : r(f) = mins∈S f(s) and r(f) = maxs∈S f(s),

• spatial quantiles:

r(f) = inf

{
q ∈ R : |S|−1

∫
S

1{f(s) ≥ q} ds > p

}
, p ∈ (0, 1), |S| =

∫
S

1 ds.

Under Assumptions (2) and (3) it is reasonable to consider ϕ−1(u)-exceedance clusters

in {Wt}t∈Z with respect to r for u → ∞, that is, as ϕ−1(u) → w∗. The probability that a

randomly selected cluster of exceedances is of size ℓ then equals

P(r(W−1) ≤ ϕ−1(u), r(W0) > ϕ−1(u), . . . , r(Wℓ−1) > ϕ−1(u), r(Wℓ) ≤ ϕ−1(u))

P(r(W−1) ≤ ϕ−1(u), r(W0) > ϕ−1(u))

=
P(r(X−1) ≤ u, r(X0) > u, . . . , r(Xℓ−1) > u, r(Xℓ) ≤ u)

P(r(X−1) ≤ u, r(X0) > u)
.

and, by (1), the limit for the right-hand side exists as X = ϕ(W ) is regularly varying.

Examples of such processes {Wt}t∈Z = {W (s, t)}s∈S,t∈Z comprise all processes with tail-

equivalent marginal distributions that are in the max-domain of attraction of an arbitrary

max-stable process Z, denoted byW ∈ MDA(Z). This is due to the fact that Y ∗ ∈ MDA(Z)

if and only if the following two conditions hold [see Aulbach et al., 2015, Corollary 2.2]:

• W (s, t) ∈ MDA(Z(s, t)) for all fixed s ∈ S, t ∈ Z,

• and the copula process of W is in the max-domain of attraction of a marginally trans-

formed version of Z with reversed Weibull margins.

In other words, ϕ(W ) is thus still in the max-domain of attraction of some max-stable

process as long as the marginal distributions are attracted by a generalized extreme value

distribution. In particular, if the marginal distributions of X = ϕ(W ) are in the max-domain

of attraction of an α-Fréchet distribution, {Xt}t∈Z is regularly varying as discussed above.
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4 Within-cluster behavior of extremes

4.1 General setting

In the following sections, we consider a regularly varying time series {Xt}t∈Z, and take a

closer look at the behavior of the time series within a cluster of exceedances. More precisely,

we shall study the behavior of the vector of normalized processes (u−1Xi)
t+ℓ−1
i=t provided that

(Xi)
t+ℓ−1
i=t is a cluster of u-exceedances with respect to a risk functional r, i.e., we condition

on the event r(Xt−1) ≤ u, r(Xt) > u, . . ., r(Xt+ℓ−1) > u and r(Xt+ℓ) ≤ u.

While regular variation guarantees the existence of a limit expression for

P((u−1Xt, . . . , u
−1Xt+ℓ−1) ∈ A | r(Xt−1) ≤ u, r(Xt) > u, . . . , r(Xt+ℓ−1) > u, r(Xt+ℓ) ≤ u)

as u → ∞ whenever P((PΘ0, . . . , PΘℓ−1) ∈ ∂A) = 0 for a broad range of Borel sets

A ⊂ (C+(S))
ℓ, we shall henceforth study the limiting within-cluster behavior of certain

functionals applied separately to each of the spatial fields Xt, . . . ,Xt+ℓ−1. More precisely,

we here consider three types of functionals, which have a practical interest:

• the risk functional r itself (Section 4.2), which provides insights into the (evolving)

severity of an extreme event during a cluster of exceedances.

• spatial risk measures (Section 4.3), which provide insights into the (evolving) spatial

extent of an extreme event during a cluster of exceedances.

• multivariate location measures (Section 4.4), which provide insights into the (evolving)

position of an extreme event during a cluster of exceedances.

4.2 Limit expressions for risk functionals

As the risk functional r is used to define extremes, it is natural to further analyze its behavior

inside an extreme event, i.e., inside a cluster of u-exceedances with respect to r. As the time
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series {r(Xt)}t∈Z is regularly varying by Prop. 3.1, we can exploit the results from Oesting

and Schnurr [2020] to derive the limiting distribution of the corresponding extremal ordinal

patterns and other within-cluster characteristics.

Note that there are various definitions of ℓ-ordinal patterns being related either on the

rank [e.g., in Bandt, 2020] or the order [e.g., in Keller et al., 2007] of data. We here make use

of the rank-based definition because we consider it more straightforward to interpret, thus

deviating from the notion used in Oesting and Schnurr [2020], for instance, who propose to

use ordinal patterns to describe stylized facts of extreme events. More precisely, we define

the ℓ-ordinal pattern as the mapping Π that maps a vector (Xi)
ℓ
i=1 ∈ Rℓ (without ties) to

the unique permutation π of {1, . . . , ℓ} such that

Xi < Xj ⇐⇒ π(i) < π(j),

i.e., Π(X) is the vector consisting of the ranks of the components of X. For instance,

whenever X is itself some permutation of {1, . . . , ℓ}, the ordinal pattern Π(X) equals X.

Note that, in most of the applications we have in mind, ties occur very rarely. Thus, we do

not consider this case further, but shall report any pattern including ties separately.

Denoting the probability that the ℓ-ordinal pattern of (r(Xi))
ℓ−1
i=0 for a cluster of u-

exceedances (Xi)
ℓ−1
i=0 equals a specific permutation π by Pu,ℓ(π), i.e.,

Pu,ℓ(π) = P(Π((r(Xi))
ℓ−1
i=0) = π | r(X−1) ≤ u, r(X0) > u, . . . , r(Xℓ−1) > u, r(Xℓ) ≤ u),

we obtain the limit distribution

lim
u→∞

Pu,ℓ(π)

=
P(Π((r(Θr

i ))
ℓ−1
i=0) = π, P · r(Θr

−1) ≤ 1, P · r(Θr
0) > 1, . . . , P · r(Θr

ℓ−1) > 1, P · r(Θr
l ) ≤ 1)

P(P · r(Θr
−1) ≤ 1, P · r(Θr

0) > 1, . . . , P · r(Θr
ℓ−1) > 1, P · r(Θr

ℓ) ≤ 1)

=
E[(r(Θr

0)
α ∧ . . . ∧ r(Θr

ℓ−1)
α − r(Θr

−1)
α ∨ (r(Θr

ℓ)
α)+1{Π((r(Θr

i ))
ℓ−1
i=0) = π}]

E(r(Θr
0)

α ∧ . . . ∧ r(Θr
ℓ−1)

α − r(Θr
−1)

α ∨ (r(Θr
ℓ)

α)+
. (4)
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Remark 4.1. As the ordinal pattern is invariant under marginal transformations, by the

same arguments as given in Section 3.3, the results above also hold true more generally for

marginally-transformed processes W defined such that {Xt}t∈Z = {ϕ(Wt)}t∈Z is regularly

varying as in (2), provided that (3) holds.

Even more generally, it follows directly from Prop. 3.1 that

lim
u→∞

P((u−1r(Xi))
ℓ−1
i=0 ∈ A | r(X−1) ≤ u, r(X0) > u, . . . , r(Xℓ−1) > u, r(Xℓ) ≤ u)

=
P((P · r(Θr

i ))
ℓ−1
i=0 ∈ A,P · r(Θr

−1) ≤ 1, P · r(Θr
0) > 1, . . . , P · r(Θr

ℓ−1) > 1, P · r(Θr
ℓ) ≤ 1)

P(P · r(Θr
−1) ≤ 1, P · r(Θr

0) > 1, . . . , P · r(Θr
ℓ−1) > 1, P · r(Θr

ℓ) ≤ 1)

for all measurable A ∈ (0,∞)ℓ satisfying P((P · r(Θr
i ))

ℓ−1
i=0 ∈ ∂A) = 0. However, in this work,

we mainly focus on ordinal patterns.

4.3 Limit expressions for spatial risk measures

Besides the behavior of the risk functional itself inside a cluster, there are also other quantities

of practial interest, such as the spatial extent of an extreme event for instance. To this

end, Koch [2017] proposed to consider the normalized spatially aggregated “loss” due to a

(random) function f ∈ C+(S) defined by

Lu(f) =
1

|S|

∫
S

E(s)1{f(s) > u} ds,

where E is a positive exposure function. Here, it is important to note that, due to the

indicator function, Lu is not homogeneous and thus not a valid risk functional.

In the special case where E ≡ 1, Lu corresponds to the percentage of the area S that is

affected by an extreme event defined as a pointwise exceedance of the threshold u. We are

interested in the joint limiting behavior of the spatially aggregated “losses” ofXt, . . . ,Xt+ℓ−1

provided that (Xi)
t+ℓ−1
i=t forms a cluster of extremes. More generally, we can consider the

functional m : Bin(S) → [0,∞] where Bin(S) = {f : S → {0, 1}, f measurable} is the space

14



of measurable binary functions on S. For instance, choosing

m(f) = |S|−1

∫
S

E(s) · f(s) ds,

we can rewrite Lu(Xt) = m(1{u−1Xt > 1}).

In the following, with a slight abuse of notation, we write m(A) for m(1{A}). Further-

more, we assume that m(0S) = 0 where 0S denotes the zero function on S. Under these

assumption, the following result which is proven in the Supplementary Material, on the limit

distribution of spatial risk measures can be stated.

Proposition 4.2. Let {Xt}t∈Z be a stationary C+(S)-valued time series that is regularly

varying with index α > 0 and spectral tail process {Θt}t∈Z, and let m : Bin(S) → [0,∞)

be such that m(0S) = 0. If the joint distribution of (m({Θ0 > η}), . . . ,m({Θℓ−1 > η}))

depends continuously on η ∈ [0, 1] for each ℓ > 0, then, for any measurable set A ⊂ (0,∞)ℓ

with P ((m({Θ0 > η}), . . . ,m({Θℓ−1 > η})) ∈ ∂A) = 0 for a.e. η ∈ [0, 1], we have that

P
(
(m({X0 > u}), . . . ,m({Xℓ−1 > u})) ∈ A |

r(X−1) ≤ u, r(X0) > u, . . . , r(Xℓ−1) > u, r(Xℓ) ≤ u
)

u→∞−→ (E[min{1, r(Θ1)
α, . . . , r(Θℓ−1)

α} −max{r(Θ−1)
α, r(Θℓ)

α}]+)−1

·
∫ 1

0

P
(
(m({Θα

0 > η}), . . . ,m({Θα
ℓ−1 > η})) ∈ A,

r(Θ−1)
α ≤ η, r(Θ0)

α > η, . . . , r(Θℓ−1)
α > η, r(Θℓ)

α ≤ η
)
dη.

As an example, similarly to Section 3.1, we can consider ordinal patterns, but now applied

to the spatial risk measure m rather than the risk functional r. Specifically, by a simple

application of the results above, we can find the asymptotic distribution of

Π((m({Xi > u}))ℓ−1
i=0) | r(X−1) ≤ u, r(X0) > u, . . . , r(Xl−1) > u, r(Xl) ≤ u),

as u→ ∞. These ordinal patterns provide important information about the evolution of the

spatial extent (i.e., spatial risk) of an extreme event of a certain duration.
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Remark 4.3. For a process W related to X via Xt = ϕ(Wt) for all t ∈ Z as in (2), we can

directly rewrite m({Xt > u}) = m({Wt > ϕ−1(u)}). Thus, if (3) holds, we have that

P
(
(m({Y0 > ϕ−1(u)}), . . . ,m({Yl−1 > ϕ−1(u)})) ∈ A |

r(Y−1) ≤ ϕ−1(u), r(Y0) > ϕ−1(u), . . . , r(Yℓ−1) > ϕ−1(u), r(Yl) ≤ ϕ−1(u)
)

= P
(
(m({X0 > u}), . . . ,m({Xℓ−1 > u})) ∈ A |

r(X−1) ≤ u, r(X0) > u, . . . , r(Xℓ−1) > u, r(Xℓ) ≤ u
)

and Prop. 4.2 applies if {Xt}t∈Z is regularly varying.

4.4 Limit expressions for location measures

Beyond the intensity and the spatial extent, we may be interested to infer whether an ex-

treme event moves over space, i.e., whether (and how) its position changes during a cluster of

exceedances. To tackle this question, we consider general functionals c : C+(S) → S describ-

ing the location of an extreme event. Having in mind the interpretation as the “center” of the

area affected by the extreme event, we want to allow for cases where this location depends

on the area where the threshold (here, set to 1 for simplicity) is exceeded. Furthermore,

once this area is fixed, we want the location to be invariant under scalar multiplication, i.e.,

we assume the existence of some functional c̃ : C+(S)× Bin(S) → S such that

c(f) = c̃

(
f

r(f)
,1{f > 1}

)
=: c̃

(
f

r(f)
, {f > 1}

)
,

and certain continuity conditions specified below are satisfied. Typical examples of such

functionals include:

• the peak location, c(f) = argmaxs∈S f(s);

• the centroid of the region exceeding the threshold,

c(f) =
1∫

{s∈S:f(s)>1} 1 ds

∫
{s∈S:f(s)>1}

s ds;
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where the second integral is to be interpreted componentwise;

• the centroid weighted by the intensity, f(s), of the event itself,

c(f) =
1∫

S
f(s) ds

∫
S

sf(s) ds =


∫
S s1f(s) ds∫
S f(s) ds

...∫
S sdf(s) ds∫
S f(s) ds

 ;

• the location defined by the componentwise median of the coordinates of all points

exceeding the threshold,

c(f) = median{s ∈ S : f(s) > 1}.

We are interested in the behavior of c(u−1Xt) ifXt is extreme in the sense that r(Xt) > u

for some large threshold u over consecutive time points. The following proposition, proven

in the Supplementary Material, characterizes the limiting distribution of such an event.

Proposition 4.4. Let {Xt}t∈Z be a stationary C+(S)-valued time series that is regularly

varying with index α > 0 and spectral tail process {Θt}t∈Z. Let r : C+(S) → [0,∞) be a

continuous positively 1-homogeneous risk functional and let c : C+(S) → S be of the form

c(f) = c̃

(
f

r(f)
,1{f > 1}

)
,

for some functional c̃ : C+(S) × Bin(S) → S where we formally set c̃(·,0S) = ∞. More-

over, assume that, for ℓ > 0, the joint distribution of (c(η−1Θ0), . . . , c(η
−1Θℓ−1)) depends

continuously on η ∈ (0, 1]. Then, for any ℓ ∈ N and any measurable set A ⊂ Sℓ satisfying

P((c(Θ0), . . . , c(Θℓ−1)) ∈ ∂A) = 0,

we have that

P((c(u−1X0), . . . , c(u
−1Xℓ−1)) ∈ A | r(X−1) ≤ u, r(X0) > u, . . . , r(Xℓ−1) > u, r(Xℓ) ≤ u)

u→∞−→ [E(min{1, r(Θ1)
α, . . . , r(Θl−1)

α} −max{r(Θ−1)
α, r(Θℓ)

α})+]−1
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·
∫ 1

0

P
(
(c̃(Θ0, {Θα

0 > η}), . . . , c̃(Θℓ−1, {Θα
ℓ−1 > η})) ∈ A,

r(Θ−1)
α ≤ η, r(Θ0)

α > η, . . . , r(Θℓ−1)
α > η, r(Θℓ)

α ≤ η
)
dη.

Remark 4.5. Note that, by the same arguments as given in Section 3.3, the results above

also hold true for marginally-transformed processes W such that {Xt}t∈Z = {ϕ(Wt)}t∈Z is

regularly varying as in (2), provided that c is invariant under the transformation ϕ, i.e.,

c(ϕ(f)) = c(f) for any continuous function f : S → (−∞, y∗). This is true for the peak

location functional, the centroid of the region exceeding the threshold, and for the compo-

nentwise median location of threshold exceedances, but not for the weighted centroid.

5 Inference for limit distributions

Even though Equation (1), Equation (4), Prop. 4.2 and Prop. 4.4 provide explicit expressions

for some specific cases in terms of the spectral tail process {Θt}t∈Z, all the limit expressions

considered in Section 3 and Section 4 are of the form

lim
u→∞

P((u−1Xi)
ℓ
i=−1 ∈ A)

P((u−1Xi)ℓi=−1 ∈ A0)
=

P((P ·Θi)
ℓ
i=−1 ∈ A)

P((P ·Θi)ℓi=−1 ∈ A0)
=

P((Yi)
ℓ
i=−1 ∈ A)

P((Yi)ℓi=−1 ∈ A0)
=

µ{−1,...,ℓ}(A)

µ{−1,...,ℓ}(A0)
,

where {Yt}t∈Z and µT , T ⊂ Z, denote the tail process and the exponent measure, given in

Def. 2.1 and Thm. 2.2, respectively. In all of the cases considered so far, the sets A0 and A

include the condition that an extreme event occurs at time t = 0, i.e.,

A0, A ⊂ {(X−1, . . . ,Xℓ) ∈ (C+(S))
ℓ+2 : r(X0) > 1}.

Given observations X−1, . . . ,Xn ∈ C+(S), a natural estimator for the desired limiting ex-

pression µ{−1,...,ℓ}(A)/µ{−1,...,ℓ}(A0) is the ratio estimator

R̂n,u(A,A0) =

∑n−ℓ
k=0 1{(u−1Xi)

k+ℓ
i=k−1 ∈ A}∑n−ℓ

k=0 1{(u−1Xi)
k+ℓ
i=k−1 ∈ A0}

=:
P̂n,u(A)

P̂n,u(A0)
. (5)

We shall impose certain conditions on the time series {Xt}t∈Z to ensure asymptotic normality

of the estimator. More precisely, we follow Oesting and Schnurr [2020] who adapt conditions
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used in Davis and Mikosch [2009] for the estimation of the extremogram, in order to show

asymptotic normality for ratio estimators of the same type as in (5) in the context of a

regularly varying univariate time series. We here extend these results to the functional time

series setting. We impose weak (and eventually vanishing) long-range temporal dependence.

Specifically, consider the α-mixing coefficient

αh = sup
A,B∈B(C+(S)N)

|P({Xt}t≤0 ∈ A, {Xt}t≥h ∈ B)− P({Xt}t≤0 ∈ A)P({Xt}t≥h ∈ B)|,

(6)

where h ∈ N0. We assume the following mixing and anti-clustering condition:

Condition (M). There exist a sequence {un}n∈N ⊂ R of thresholds and an intermediate

sequence {rn}n∈N ⊂ N with limn→∞ un = limn→∞ rn = ∞, limn→∞ nP(∥X0∥∞ > un) = ∞,

limn→∞ rn P(∥X0∥∞ > un) = 0 such that

lim
n→∞

1

P(∥X0∥∞ > un)

∑∞

h=rn
αh = 0 (7)

and, for all ε > 0,

lim
k→∞

lim sup
n→∞

∑rn

h=k
P(∥Xh∥∞ > εun | ∥X0∥∞ > εun) = 0. (8)

We can then show the following result that guarantees asymptotic normality of our esti-

mator, based on a proof analoguous to the results of Oesting and Schnurr [2020]:

Proposition 5.1. Let {Xt}t∈Z be a stationary C+(S)-valued time series that is regularly

varying with index α > 0 and tail process {Yt}t∈Z whose finite-dimensional distributions

are denoted by (µI)I⊂Z. Moreover, let A,A0 ⊂ C+(S)
ℓ+1 be continuity sets with respect to

µ{−1,...,ℓ} bounded away from zero. We further assume that Condition (M) holds and that

the α-mixing coefficients satisfy αh ∈ O(h−δ) for some δ > 2. If the sequence of thresholds

{un}n∈N additionally satisfies

lim
n→∞

nδ/(4+δ) P(∥X0∥∞ > un) = ∞, (9)
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and

lim
n→∞

√
nP(∥X0∥∞ > un)

[
P({Xi}ℓi=−1 ∈ unA)

P({Xi}ℓi=−1 ∈ unA0)
−

µ{−1,...,ℓ}(A)

µ{−1,...,ℓ}(A0)

]
= 0,

then √
nP(∥X0∥∞ > un)

(
R̂n,un(A,A0)−

µ{−1,...,ℓ}(A)

µ{−1,...,ℓ}(A0)

)
converges in distribution to a centered Gaussian random variable as n→ ∞.

The asymptotic variance in Prop. 5.1 can be estimated via bootstrap techniques. Here, we

make use of a multiplier block bootstrap which has proven to be appropriate for estimators

of a similar type [Drees, 2015]. More precisely, we divide the time series data X−1, . . . ,Xn

of length n+ 1 into bn data sets of length ℓn + 2, i.e., we consider blocks

(Xt)
ℓn
t=−1, (Xt)

2ℓn+3
t=ℓn+1, . . . , (Xt)

n
t=n−ℓn−1

and denote the counterparts of P̂n,u(A) and P̂n,u(A0) based on each of these bn blocks by

P̂
(1)

ℓn,un
(A), . . . , P̂

(bn)

ℓn,un
(A) and P̂

(1)

ℓn,un
(A0), . . . , P̂

(bn)

ℓn,un
(A0),

respectively. Then, a bootstrap sample of R̂n,un(A,A0) can be obtained by repeatedly sam-

pling i.i.d. random variables ξ1, . . . , ξbn with E(ξj) = 0 and Var(ξj) = 1 and considering∑bn
j=1(1 + ξj)P̂

(j)

ℓn,un
(A)∑bn

j=1(1 + ξj)P̂
(j)

ℓn,un
(A0)

.

We analyze the performance of this multiplier block bootstrap scheme numerically in our

simulation study in Section 6.

6 Simulation study

In order to demonstrate the behavior of our estimators for finite sample sizes, we apply

them to a simulated realization of a regularly varying space-time stochastic process. Here, we

choose a stationary space-time Brown–Resnick process [Brown and Resnick, 1977, Kabluchko
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Figure 2: The study region in the Southern Red Sea consisting of 5562 grid cells. The plots
show the sea surface temperature anomalies (i.e., the detrended SST data) for the most
extreme day with respect to the spatial median (left) and maximum (right), respectively.

et al., 2009, Davis et al., 2013, Huser and Davison, 2014, Engelke et al., 2015] with unit

Fréchet margins, simulated on a grid S consisting of |S| = 1367 grid points in an irregular

domain delimited by a box with coordinates in 40.0–42.5◦E and 16.5–18.0◦N. That is, the

spatial domain is a subset the southern Red Sea region mapped in Figure 2 and considered in

the application in Section 7, while the length of the time series is 12 000, also similar to the

application. The properties of the Brown–Resnick process are determined by the variogram

of the underlying space-time Gaussian process, which we choose here to be separable with

γ(h, t) =

∥∥∥∥(2.6h12.4h2

)∥∥∥∥1.9

+ |t|1.1, h =

(
h1
h2

)
, s ∈ S, t = 1, . . . , 12 000.

The variogram parameters were chosen so that the dependence structure of the resulting

Brown–Resnick process resembles that of the sea temperature data in the data in Section 7.

The simulation makes use of the extremal functions algorithm of Dombry et al. [2016].

Here, note that an exact simulation of the max-stable process would on average require

the simulation of |S| × |{1, . . . , 12 000} = 1367 × 12 000 Gaussian processes on the whole

spatio-temporal domain S × {1, . . . , 12 000} and, thus, would be extremely time-consuming.

Therefore, we use an approximate version of the exact algorithm of Dombry et al. [2016],
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which ensures exactness only on a subgrid consisting of every second point, similarly to

Oesting and Strokorb [2022]. Furthermore, we assume that an extremal function cannot have

an influence over a temporal lag exceeding 18, that is, the extremal function at the space-time

point (s, t) is simulated on a smaller domain S × {t− 18, . . . , t− 1, t, t+ 1, . . . , t+ 18} only.

Thus, the computing time for the simulation is reduced significantly, while the accuracy is

hardly affected, as preliminary experiments on smaller domains indicate.

As the simulated process is regularly varying with (heavy-tailed) Fréchet margins, the

theory developed above applies and allows us to use any homogeneous functional r for

defining extremes. Here, we illustrate our methodology with the spatial average

r(f) =
1

|S|
∑

s∈S
f(s),

as the corresponding tail process for space-time Brown–Resnick processes turns out to be

easy to simulate from [see Dombry et al., 2016, for instance].

We apply our proposed ratio estimators to estimate the following two quantities:

• the cluster size distribution, i.e., P(Cr
u = ℓ), ℓ = 1, 2, . . . (recall Section 3.2),

• the distribution of ordinal patterns with respect to the actual risk functional r (recall

Section 4.2); here, we focus on the patterns of the first ℓ time points within a cluster,

i.e., we focus on all clusters of size greater than or equal to ℓ, with ℓ = 2, 3,

based on the choice of the threshold u as the 95th percentile of r(Xt), t = 1, . . . , 12 000. For

each estimate, the corresponding 95% confidence interval is obtained using the multiplier

block bootstrap described at the end of Section 5 with a block length of 1 000. The results

are displayed in Figure 3 and Figure 4, respectively.

Our results based on estimators of the form R̂n,un(A,A0) can then be compared to the

theoretical limit µ{−1,...,ℓ}(A)/µ{−1,...,ℓ}(A0) which can be accurately approximated via direct

Monte Carlo simulations from the tail process. Similarly, the asymptotic variance in Prop. 5.1
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Figure 3: Cluster size distribution for the simulated example. The black bars correspond
to the estimated probabilities with the 95% confidence intervals obtained by the multiplier
block bootstrap, while the red bars are the result of Monte Carlo simulations from the tail
process with the corresponding confidence intervals being calculated according to Prop. 5.1.

can also be calculated precisely. Assuming asymptotic normality, theoretical confidence

intervals can thus be derived, as well.

From Figures 3 and 4, it can be seen that the estimated distribution of the cluster size

and the ordinal patterns in clusters of size at least 2 are very close to the theoretical values.

For patterns of size at least 3, there are somewhat larger deviations, which can be explained

by the fact that even in a time series of length 12 000, the number of long clusters is still very

small. As can be seen, the bootstrap-based confidence intervals are fairly wide, but still cover

the theoretical values, which indicates that our estimator performs well overall. Comparing

the width of the asymptotic confidence intervals and the bootstrap-based ones, there are

slight differences, but no systematic ones. This suggests that the bootstrap procedure also

works satisfactorily.

7 Application to Red Sea surface temperature data

Sea surface temperature (SST) is known to be a major factor influencing the survival of

marine life and the sustainability of fragile ecosystems, such as coral reefs [Reaser et al., 2000,
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Figure 4: Distribution of the ordinal pattern for the beginning of clusters of size ℓ ≥ 2
(left) and ℓ ≥ 3 (right), for the simulated examples. Analogously to Figure 3, the black
bars correspond to the estimated probabilities with 95% confidence intervals obtained via
bootstrap and the red bars are the result of Monte Carlo simulations from the tail process
with confidence intervals according to Prop. 5.1.

Berumen et al., 2013, Lewandowska et al., 2014]. Therefore, the spatiotemporal analysis of

extreme SST data is important, and an entire special issue of the journal Extremes was

devoted to the spatiotemporal prediction of extremes with application to SST data over the

whole Red Sea; see https://link.springer.com/journal/10687/volumes-and-issues/

24-1 and the Editorial by Huser [2021]. Apart from spatiotemporal prediction, previous

research has also focused on identifying time trends in SST data due to climate change and

estimating extreme SST hotspots [Hazra and Huser, 2021], as well as on the modeling of

spatial and spatiotemporal extremal dependence in SST data [Simpson et al., 2022, Huser

et al., 2022]. However, the characterization of complex spatiotemporal patterns and the

within-cluster behavior in functional time series of SST extremes has never been investigated.

We here re-analyze the Red Sea data used in the above papers to illustrate our proposed

methodology. Our analysis of spatiotemporal patterns complements previous studies by

providing new insights into the complex hydrodynamic behavior of the SST data across the

study domain, and sheding light on the spatial extent and persistence of extreme SST events.
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The dataset we use comes from the Operational Sea Surface Temperature and Sea Ice

Analysis (OSTIA) project, producing satellite-derived daily SST data at 0.05◦ × 0.05◦ reso-

lution [Donlon et al., 2012]. Over the whole Red Sea, daily SST data are available at 16703

grid cells between 1985–2015 (i.e., 31 years worth of daily data) and we here focus on the

southern Red Sea, below latitude 18◦N, resulting in 5562 high-resolution grid cells in total.

Figure 2 shows the study region and SST data for two days that are considered as extreme

with respect to different functionals.

Our methodological framework assumes temporal stationarity, so we first need to appro-

priately detrend the data. Let {Y(s, t)}s∈S,t∈T denote the sea surface temperature process

over the study domain S (comprising 5562 pixels) for the time period T = {1, . . . , 11315}.

We assume that the data can be described, at each location s, by the linear regression model

Y(s, t) = β0(s) + β1(s) t+
∑12

j=1
β1+j(s)ψj(t) +X(s, t), t = 1, . . . , 11315,

where {ψj(t)} denote 12 cyclic cubic splines (i.e., one for each month) capturing the sea-

sonal cycle in a flexible way, t is a linear time trend capturing the effect of climate change,

{βj(s)}j=0,...,13 are site-specific regression coefficients to estimate from the data, and the pro-

cess {X(s, t)}s∈S,t∈T is a zero-mean stochastic residual component, assumed to be stationary

in time, but not necessarily in space. We estimate regression parameters by least squares at

each site separately, pooling information from neighboring grid cells within a disk of radius

30 km. This local inference approach gives high flexibility to estimate complex spatiotem-

poral trends, while the pooling of information allows one to smooth estimates spatially and

borrow strength across nearby sites to reduce the overall uncertainty.

We then apply our new spatiotemporal pattern estimation approach to {x̂(s, t)}s∈S,t∈T ,

pseudo-observations from the residual component {X(s, t)}s∈S,t∈T that are obtained by sub-

tracting the estimated SST mean from the realizations {y(s, t)}s∈S,t∈T of {Y(s, t)}s∈S,t∈T

(after replacing the βj(s) coefficients with their least square estimates). Note that the resid-
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uals x̂(s, t) can be interpreted as the SST anomaly, and extremes from x̂(s, t) represent

abnormal sea temperature excesses with respect to the usual SST distribution at the specific

space-time point (s, t). We also considered rescaling x̂(s, t) by its standard deviation (which

varies moderately over space and time), but this makes the interpretation of the results more

difficult and we thus proceed with x̂(s, t) (detrended, but not rescaled).

Remind that, even though X may not be regularly varying itself because SST data often

have a bounded upper tail rather than a heavy tail, our methodology can still be applied for

a variety of functionals, as long as some marginal transformation of X is regularly varying.

This condition is equivalent to X being in the max-domain of attraction of some max-

stable process, as explained throughout Sections 3 and 4. In some applications, this may be

considered quite restrictive as it implies asymptotic dependence. However, extremes in sea

surface processes are usually strongly spatially dependent, even at large distances, and they

also tend to persist over consecutive days, if not weeks. Therefore, asymptotic dependence

is a natural assumption here, and statistical models with this property have in fact already

been applied to this dataset [see, e.g., Hazra and Huser, 2021, Huser et al., 2022].

We here choose to consider two different risk functionals, namely

• the spatial maximum, rmax(f) = maxs∈S f(s), and

• the spatial median, rmed(f) = medians∈Sf(s).

At first, we estimate the length, ℓ, of extremal clusters defined as consecutive spatial fields

f0, . . . , fℓ−1, such that rmax(f−1) ≤ u, rmax(fi) > u, rmax(fℓ) ≤ u, for all i = 0, . . . , ℓ − 1, or

rmed(f−1) ≤ u, rmed(fi) > u, rmed(fℓ) ≤ u, for all i = 0, . . . , ℓ−1, where u is a high threshold,

here taken as the empirical 95% quantile of the data {x̂(s, t)}s∈S,t∈T . Figure 5 reports the

estimated cluster size distribution. The results for the risk functional defined as the spatial

maximum and those for the spatial median are very similar to each other: about 35%–40%
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Figure 5: Cluster size distribution for extreme SST defined as high spatial maxima (red)
and spatial medians (black) exceeding the 95% empirical quantile. Vertical dashed segments
display 95% confidence intervals, obtained via our proposed multiplier block bootstrap.

of clusters comprise individual events, 20%–25% are of size two, 15%–20% of size three, and

they are very rarely longer than a week (7 consecutive days).

We then zoom into the clusters themselves and estimate ordinal patterns defined in terms

of the respective risk functionals, giving an indication of how the intensity of the extreme

event evolves through time. Figure 6 displays, for each risk functional, the distribution of

these ordinal patterns for the beginning of clusters of size at least two, and at least three.

While we could restrict ourselves to clusters of size exactly two or three, the resulting sample

size would be too low for accurate estimation. Again, there is strong similarity between

results for the spatial maximum and spatial median. The ordinal pattern (1, 2) appears

about 60%–70% of the time, indicating that the value of the risk functional at the start

of a cluster of size at least two tends to increase. In other words, spatial extreme events

that persist over consecutive days tend to strengthen at the beginning, which makes sense

from a physical perspective. A similar story holds for clusters of size at least three, with

the increasing ordinal pattern (1, 2, 3) occurring more than 30% of the time. Interestingly,

the ordinal patterns (2, 1, 3) and (3, 1, 2), which describe a “V-shape” (i.e., with a decrease
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Figure 6: Bar charts displaying the distribution of ordinal patterns with respect to the inten-
sity of extreme SST defined through the spatial maximum (red) and spatial median (black),
for the beginning of clusters of size at least 2 (left) and 3 (right). Vertical dashed segments
display 95% confidence intervals, obtained via our proposed multiplier block bootstrap.

followed by an increase) are the least likely. Conversely, the patterns (1, 3, 2) and (2, 3, 1)

describing an “inverse V-shape” characteristic of relatively short clusters are the most likely

combined. While these results make sense, our methodology is helpful to precisely quantify

the frequency of these complex within-cluster behaviors.

To investigate further within-cluster characteristics, we then estimate the distribution of

patterns for the relative area affected by extremes, i.e., the number of grid cells within a

spatial field exceeding the chosen threshold divided by the total number of grid cells. We

here only consider clusters defined by the spatial maximum. Note that the estimated area

affected by extremes cannot be zero, given that we consider clusters of exceedances (i.e., the

maximum exceeds the threshold). Figure 7 reports the results. The results are similar to

those discussed above, with the increasing pattern (1, 2) being the most frequent one. This

indicates that the spatial extent of extreme events also tends to increase at the beginning of

a cluster of size at least two. Similar results hold for clusters of size at least three.

Finally, to investigate the movement of high sea temperatures across the study region
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Figure 7: Bar charts displaying the distribution of ordinal patterns with respect to the
relative area affected by extreme SST, based on exceedances of the spatial maximum for the
beginning of clusters of size at least 2 (left) and 3 (right). Vertical dashed segments display
95% confidence intervals, obtained via our proposed multiplier block bootstrap.

during a spatial extreme episode, we estimate the distribution of ordinal patterns for the

latitude and longitude (Figure 8) of the centroid of the area affected by extremes (as defined

in Section 4.4). The results indicate that when a spatiotemporal extreme event occurs, the

area of highest SST intensity tends to move from South to North, and from East to West,

most of the time. These results seem to be broadly aligned with the southern Red Sea

circulation literature and might reflect the formation of eddies [Raitsos et al., 2013, Zhan

et al., 2014], though further in-depth analyses would be required to confirm this. In future

research it would be interesting to exploit our methodology to study these hydrodynamic

properties in more detail using alternative specifically customized functionals.

8 Conclusion

In order to investigate the probabilistic behavior of temporal clusters formed by spatio-

temporal extreme events, and to understand the complex within-cluster behavior of the

process under study with respect to various spatial summaries of interest, we have developed

a novel non-parametric method that allows accurately estimating the limiting distributions
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Figure 8: Bar charts displaying the distribution of ordinal patterns with respect to the
longitude (top) and latitude (bottom) of the centroid of the region of the most extreme
temperatures exceeding the overall 95% quantile for the beginning of clusters of extreme
SST of size at least 2 (left) and 3 (right). Vertical dashed segments display 95% confidence
intervals, obtained via our proposed multiplier block bootstrap.

of such quantities in a flexible and computationally-efficient way.

Our proposed methodology relies on the theoretical framework of functional regular vari-

ation for reliable joint tail extrapolation beyond the range of the data, and it is based on the

notion of risk functionals to account for various definitions of extreme events. While our work

has mostly focused on describing the within-cluster behavior of extreme events (i.e., their

temporal evolution) in terms of the ordinal patterns of various functional characteristics, our

theoretical results apply more generally. The characteristics that our framework can track

30



over time are very diverse, including the magnitude of the extreme event (characterized by

the risk functional itself), spatial risk measures (e.g., the size of the affected area), and the

location of the extreme event (characterized by various types of location measures). Our

framework is, however, not limited to these characteristics. In future research, it would be

interesting to extend our method to estimate the within-cluster behavior of an extreme event

with respect to spatio-temporal functionals of the process capturing, for example, its local

rotational circulation properties. This could prove helpful for identifying the fingerprints

of well-known physical phenomena, such as circular currents of water (i.e., eddies) in data

analyses similar to our sea surface temperature application.

In contrast to state-of-the-art parametric extreme-value models, the great benefit of our

non-parametric approach is that it is not subject to stringent assumptions (e.g., spatial sta-

tionarity and isotropy, autoregressive temporal dependence structure, etc.) and can thus be

used to flexibly estimate complex spatio-temporal characteristics in a wide range of real data

applications. Moreover, since our proposed estimators have a very simple form, they can be

computed efficiently, even in ultra-high dimensions. For example, in our Red Sea surface tem-

perature application, the full dataset comprises about 63 million dependent spatio-temporal

variables, and our results can be obtained in just a few seconds. Furthermore, our proposed

approach is not only feasible in such high dimensions, but it also strongly benefits from

massive datasets, as our non-parametric estimators then become more accurate.

Although regular variation is a key assumption here, our results still hold under monotone

marginal transformations of the process under study (e.g., when it is expressed on a different

marginal scale) for a wide range of functionals (i.e., specifically, those that are invariant under

monotone transformations). This implies that our methodology is not strictly restricted

to marginally heavy-tailed processes, but it can also be applied more generally to spatio-

temporal processes exhibiting asymptotic dependence with light or bounded marginal tails.
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The asymptotic dependence assumption, however, is a crucial condition that we cannot

easily bypass. In our sea surface temperature data application, this does not seem to be

a limitation, but empirical evidence has shown that some other environmental processes

tend to support asymptotic independence instead. In future research, it would therefore be

interesting to extend our methodology to the framework of hidden regular variation, in order

to accommodate both asymptotic dependence and independence in a flexible way.

Supplementary Materials

The supplementary materials include the proofs of Propositions 3.1, 4.2 and 4.4.
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